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This book was constructed using XeLaTeX and output directly to PDF. Latin script was set in Calisto.
Some mathematical graphics were created with Mathematica and exported to Encapsulated PostScript.

My worked solutions largely follow the Answers to Problems in the textbook. The Exercises were often of
a fair level of complexity and the solutions often sufficiently ingenious, calling upon enough foundational
mathematics that had faded from memory, that I found it useful to . I learned as much, if not more, from
this process than if 'd simply read the text. These worked solutions represent my best effort at interpreting
the author's answers, occasionally expounding on them, and even more rarely correcting errors. Do not
expect them to be error-free. I welcome corrections or suggestions.



Answers to Exercises

68 Examples of Special Curves
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§9 Arc Length

Let:

Let:

Let:

xt = (rcost,rsint,ct)c # 0

t
st:/ VX' - x'dt

,,dx

nivTinlrr (rcost,rsint, ct) = (—rsint, rcost,c)

x'-x' = (—rsint,rcost,c) - (—rsint, rcost,c)
= PAsin® r4 P cos? t + &
= A(sin*t 4 cos?t) +F =P + &

t t
s:/ mdt:/ VRT2di=n/R1 2
0 0

tcfo— ! S =ws (w— 1)
T VR+E N

xs = (rcos ws, rsin ws, wcs)

t
X = (t,acoshf,O)
a

x = d% (t,acoshé,O) = (1,asinh2 . i,O) = <1,sinh£,0)

. t t
x' - x' =1+ sinh? - = cosh® =
a a

t t
Vx' - x' = y/cosh? = = cosh -
\ a a

t t
t . t
st:/ \/x’-x’dt:/coshfdt:asmhf
0 0 a a

x = (acos ¢, bsin ¢, 0)assumea > b, a, b # 0

x = d¢(acos¢,bs1n¢,) (—asin ¢, bcos ¢, 0)

x - x' = d?sin® ¢ + b cos® ¢

= @?sin’ ¢ + a® cos® ¢ — a° cos’ ¢ + b” cos’ ¢

a— b
=& — (@ —b)cos’p=a* |1 — o cos?

_bz
=e=

= a*(1 — €* cos® ¢), wheree® =

)
\/7
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Let:

1
xt = (t,¢sin ;,0)

(52)

Without loss of generality, determine the length of the arc from # = % to t = 0. Break the arc into a

sequence of chords:

2

T i n

2 4

I = |y(tix1) = y(6)] > 2|y(tip1)| = 26141 = 2( =

RIVIERIEE
Com2i4+1 mitl T omitd

> 2 1 2 1
2= i TRl

so the arc does not have a well-defined length.

2i+ ) (2i+1)m

§10 Tangent and Normal Plane

Let:
xt = (rcost,rsint, ct) where ¢ #=

x’—%
o dt

2 =x X =Psin’t+rcostt+E=r+E =5 =R+ A

= (—rsint,rcost,c)

x x'

t —_ =

1
IR CEY

Let: The curve is given by the parametric representation:

(—rsint, rcost,c)

xt = (t,2,0)
A representation of the tangent is found by:

dx
xXt=-—-=(1,2t0
GRS

yu = X + I/IX/ = Y1 = X=1 + ux::l
=(1,1,0) + u(1,2,0) = (1 4 u, 1 + 2u,0)
Aty =0:
1

1+2u=0=2u=-1=u=—5

so the point of intersection is (3,0, 0).

(53)

(54)

(55)

(56)

(57)
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(59)

(60)

(61)

(62)

(63)
(64)

(65)



010.2 The parametric representation of the curve can be written as:
xt = (t, B2,y )where3,y € N (66)

A representation of the tangent is found by:

x't = (1,28t ny?" 1) (67)
YU =X+ Xu (68)
= (1, B2, 2") + u(1, 288, nyt" ") (69)
= (t+u, B + 2uft, 0" + unyt" 1) (70)

The intersection with the x, y plane:

A+ uny? " =0 = Nt +un) = 0 (71)
="' =0Vi=—un (72)
=r=0Vt=—un (73)
=>t:0\/u:—£ (74)
So
t t t t
Vu==2) = (t= 2,82 = 2 2690~~~ (75)
n n n n
1 2
= (t(l—)yﬁtz—ﬂlzmt”—vtg (76)
n n
~1 1 n-2
- (“ £(1- 2)/3&0) = (” £ 6:2,0) (77)
n n n n
which also implies the case of x(r = 0) = (0,0, 0).
J10.3 The two circles can be described parametrically by:
xt = (cost,sin¢) (78)
xt = (cost+ 1,sinr— 1) (79)

The tangents are parallel to:

y't = (—sint, cos?) (80)
y't = (—sint, cost) (81)

So without loss of generality, find a tangent y, to x¢ that is also tangent to x¢*. The worked solution
considers only the case that ¢+ = ¢*, but this fails in other configurations--- such as the case where the
second circle is located at (—1,—1). The tangents can only coincide if they are parallel, i.c. X' = +x’
= r* =, rand if any point coincides, e.g. X¢* € {,cr y,}. The case #* =, m + ¢ fails on that score, so we
consider only the case of t* =y, t < ¢* = ¢

xte{, yu} = xt€{, xt+ux'} (82)
cost+ 1 =cost—usint usint = —1
. . = (83)
sint — 1 =sint+ ucost ucost=—1
1 1 ) .
= —— = —— = sint = costwheresint, cost # 0 = t =, %n (84)
sint  cost
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Y1 U= (%\@— %u\fZ, %\f2+ %u\@) (85)
1
x:% 2—%uﬂ wW2=1-u u=1-—xv2
= 2 2 = = (86)
y=3V2+1uy2 wW2=1+u u=—1+y/2
:>l—x\@:—l+y\/§:>%\/E—xz—%\ﬁ—kyéx—&-y:\@ 87
and
ys = (=3V2+ juv2,-3vV2 - JuV2) (88)
4
x=—-1V2+1uv2 wW2=-1+u u=1+xv2
= 1 1 = (89)
:>1+x\ﬁ:—1—y\f2:>%\[2+x:—%\5—y:>x+y:—\@ (90)

so the solutions are x + y = ++/2.

§11 Osculating Plane

If x',x” are linearly dependent for every ¢ then V¢ : x"t = A\t x't. Writew = x’ = x" = w/, so

w't = Xt- wtand wit = Xt - w;t. Solve these as first-order linear differential equations:

wi(2) = A(2) - wi(t) < wi(t) = AOwi(t) =0 ©n

el TN (1) = ¢ = wi(t) = el NOU (92)
so then

2(6) = gl MO (93)

x(8) = /xf(t)dt = /c,-ef“(t)dtdt = ci/ef MOLdr 4k = (1) + K (94)

where t* = e/ D4 g0
x(t) =1 (t)-c+k (95)

which is the parametric representation of a straight line.

§12 Principal Normal, Curvature, Osculating Circle

Starting from the definition:

m=x+pp=x+pt=x+p’% (96)



4 (o wex)y ) (98)
T odr /x - x'
d / I - /d I - ’ -
:(dtx-(x-x) 2+x&(x-x) 2)-(x-x) 2 99)
— <X//(X‘X/); +X ;(X/x/)gd(x/dtx/)) . (X/.Xl)f% (100)
— X//(X/ . X/)—I _ %(X/ . X/)—Z . Z(X/ . X//) (101)
X”(X/ Zi? ._X/);gxl . X”) (102)
3 2
2 (12:‘7) (X, /)j _ (X/ i X/)3 (103)
\/(X/ 'X’)(X" X”) (X/ ,X//)z (X/ 'X/)(X” -X”) _ (X/ .x//)Z
m=x + p’x (104)
B (X’ . X/)S X”(X' . X’) _ X(X/ . X”)
=X+ (X/ -X’)(X” -X”) _ (X/ _x//)Z (X/ _x/)2 (105)
_ (xl ) X/) i o oM
=X+ (X’ 'X’)(X” 'X”) — (X’ .X//)z (x (X ’ X) - X(X X )) (106)
X"(X/ . x/)Z _ X(X/ . X/)(X/ . X//)

=X+ (X’ -X’)(X” -X”) _ (X’ _X//)Z (107)

012.2 From Example 9.1:
1

x(s) = (rcosws, rsinws, wcs); w = 108
6= e (108)

x(s) = d);(ss) = (—rnw sin ws, 7w COs ws, wc) (109)

&5
K(s) = ’;(SS) — (—n? cosws, —n? sinws, 0) (110)
From §12 Example 2:
3 1
K=mw"=p=— (111)
rw
so then
m=x + p’x (112)
1\, , 2
=x+ (—5 | (-’ cosws, —n”sinws, 0) (113)
1 .
=X+ —(—cosws, —sinws, 0) (114)
rw
1
= (rcosws, rsinws, wes) + M—Z(— cosws, — sinws, 0) (115)

= <Cj cos ws, —é sin ws, wcs) (116)
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where 7 — M% =7r— @ = é -z J;‘z = —é. For the cylinder prescribed by r to coincide, we must have
2
—=r=>d=r=>c=+r (117)

r

§13 Binormal. Moving Trihedron of a Curve.

If there is a one-to-one correspondence such that the tangents are parallel, then we can choose represen-
tations such that Vs : t*(s) = t(s). Obviously then

. t'(s) _ t(s)
p*(s) = = == (118)
()] [t(s)]
and
b7 (s) = t"(s) x p"(s) = t(s) x p(s) = b(s) (119)
§14 Torsion.
Begin by evaluating the 'dotted' components of (14.3):
dx dxdr ¥
o2 82 E 2 120
ds drds ¢ (120)
. dx dxdr dx\ 1 dx’ 1 ,1ddy 1 x" x
*T & T drds dts’) s < ir 'y *e? dt> y 2 (121)
.. dx dxdr d /x' x ,\ 1
_=2_2s_ti2 _2 L 122
T & T drds dt<3’2 s’3s> s (122)
dx” 1 1dd dx's” 1 ds x' ds"\ 1
o - 2 n__-_ - _ = ° L _ 123
< dr 2 X B T dr 58 3x R TR dt> s (123)
1 1 ! 1 1
— XIIISTs _ ZXHSITSN _ Xl/:‘/74 _|_ 3Xl STSSNZ _ X/ 5/4 S/// (124)
1 S// S//Z S///
= 573)(”/ — 35/74)(// + (35'5 — _5‘/4> XI (125)
So using the rules of calculus of determinants:
LA A 1 / 1 7 / 1 " 1" /!
|x X X|=|-x —Sx"—-4x" —x""—Bx"+ (x (126)
s S/2 S/3
_ lxl ixll iX/// _BX// + CX’ (127)
- s §/2 §/3
1 1
— jix/ Slilel S/TX/” _BX// (128)
1 1 1 1 |x" x" x|
— 57 / ﬁx// 573 n _ /6 ‘x/ X// X///| — (X/ : X/)3 (129)
Also
7 x\3
_ 1 _ (12.3) 1 (12.7) (x'-x) (130)
X X 52 (X/ . X/)(X” . X//) _ (X/ . x//)Z
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so that

I/I‘

B |x x X| B |X/ XI/ X
XX (X)X - (X

Compute the components of (14.4):

X = (t,%tz,%ts)

X/ = (1?t? %tz); X// = (07 17t)7 X/// = (07 07 1)
1 00
|X/ X// X///| — t 1 0 _ 1 . 1 ?‘ _ 1
21
1 0 £— 17 12
X xx"=|t|x|[1|=|-(-0)] = |-t
12 t 1-0 1
2

So

§15 Formulae of Frenet.

Write the vectors of the trihedron as:
=t aj=p; a=>b

so that the equations of Frenet can be written as
a; = +; cja;

Now, since t, p, b are mutually orthogonal

Vi,j:a,-~aj:6,-j

Differentiating:
d d . . . .
aai-aj:&é ai~aj+ai-aj:0:> a;-a;= —a; a

Substituting the Frenet equations:

a;-a; = (+j c,-,-aj) cap =+, cjai-ap =+ c,»,-éjk = Cp
SO

ziizaj:—ai-eij:> Cij = —Cji

so C= [; ¢;] is skew-symmetric. Therefore, from t = xp, b= —7p:

0 O 0 k 0
C= = |-k 0 7
0 —7 0 0 -7 0

10
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§16 Motion of the Trihedron. Vector of Darboux.

The vector of Darboux has constant direction iff it is linearly dependent on its derivative:

dxd=0
Evaluate the derivative:

d= g(Tt—i— kb) = th—ﬁ— E,‘ib

ds ds ds
=7t + 7t + ib+ kb = 7t + TKp + ib — KTP
= 7t+ ib

So then

d x d = (7t + rb) x (7t + £b)
= 7t X (7t X £b) + kb X (7t + &ib)
=71t x kb+ kb x 7t

Sinceb =t x p:

bxt:(txp)xt(sg)

SO

dxd= (ki —iT)p

so that when these are linearly dependent k7 — 47 = 0 . Now since

this can be written as

dr
2—7:
K e 0

which by Theorem 15.1 are the general helices.

§17 Spherical Images of a Curve.

If t is constant then
x(s) :x(O)—l—/ x(s) ds:x(0)+/ t ds=x(0) + st
0 0

which is a straight line. If b is constant then

b=0"2" _p—0= r=0vp=0
In the first case the curve is planar. In the second case:

p=0= t=kp=0

(t-thp—(p-t)t=1-p-0-t=p

11
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so t is constant, which again implies a straight line and a planar curve. If a spherical image is a closed
curve, the corresponding generating vector t, p, b is periodic.

From Exercise 12.2:

t=%= (—rwsinws, 7w Ccosws, wc) (159)
. 1 ) 5 . .
p=pX=—(—mw"cosws, mwsinws, 0)= (—cosws, —sinws, 0) (160)
rw
—7w sinws — COSws wesinws
b=txp= | mwcosws | X | —sinws| = —WCCOS WS (161)
we 0 1w sin? ws + 1w cos? ws

= (—wesinws, —wccosws, 1w) (162)

618 Shape of a Curve in the Neighborhood of Any of Its Points.

Given any curve represented in a coordinate system as (18.3). Then in a sufficiently small neighborhood
of x(0), the length % of the chord from x(0) to x(s) is:

h= \/xo(s)z + x1(5)? + 22(s)? (163)
A 3 ’ Lyeos? 4 1.3 3 * L (rom 3 )
=\ 5= 3 +o(s?) | + ( 3r08* + gnos +o(s®) ) + ( 3 S + o(s )) (164)
d

= \/ —1k2st + gsé + 1R2st + Lrokos® + L Ko®s® + °T° —0s6 4 o(s9) (165)
2 — Lrdst + o(s%) (166)
=4/s2 —2s (ﬁnﬁﬁ) + (2—14/10s3)2 +0(s) (167)
= \/ (s— —/ﬁos3 +0(s5) =5 — 5 K5s + o(s7) (168)

so the difference between the lengths of the arc and the chord is approximately

|s— (s — 21505°) | = 24515 (169)

§19 Contact, Osculating Sphere.

Given the sphere x* + y? + 22 — 7 = 0 and curve x(s) = (s,7,0) we have:

p(s) =G(x(s) =+ +0"—F =5 (170)
The point of contact follows from:
ps)=0=> £=0= s=0 (171)
At this point:
dp(s) _ds? _
0T ds o = 2s|s=0 =0 172)
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dp(s)| _ d2s
ds? ls=0 N ds

so there is a point of contact of order 1 at (0, r,0).

=240 (173)

Given a plane defined by its normal and displacement we have
Gx)=n-x+d= p(s)=Gx(s)) =n-x(s)+d (174)

The points of contact are given by

order0: n-x(sp) +d=0 (175)
d
ordert - PO k) =0 (176)
ds s=50
d?p(s N
order2 : (ﬁg ) — n-x(sp) =0 177

Therefore n L X(sp), X(so), that is, if X(sp) and X(sg) are linearly independent then
IX € R :n = Xx(sp) x X(sp) (178)

So a plane with normal n having contact of order 2 with a curve, that plane is spawned by x and X, that
is, the osculating plane at x(sp).

From (19.2), for the center m of the osculating sphere to be constant:

m:o:i(x+pp+pb) (179)
—x+pp+pp+&fb P (180)
renei d )

EID ¢+ o+ p(— nt+rb)+$8b—— P (181)
dp
:t+pp—t+p7b+&fb—pp (182)
dp djp
(p¢+ds>b 0= prtil-0 (183)

Now it so happens that from (19.13) concerning the radius of the osculating sphere:
L\ 2 N\ 2
pe (L) = B=ps (f) = (184

dg _d (5, (p\")_ dp_p dp\ _p

So since both the center and the radius of the osculating sphere are constant over the curve, that is, the
osculating spheres coincide: the curve lies on a sphere.

§21 Examples of Curves and Their Natural Equations.

We seek an expression of curvature in terms of the 'tangent angle":

a—/da— da gL ”/ / /f—dp (186)
pdp



021.2

Sincep =as+ b %’S’:a
P p
a_/11 =1/Jﬂw=ﬂmﬁ= In 2
po PG @ Jpy a  po
= e“—e“%é p = poe™
Now
dr_drds o b_H&_ g
da  ds da “P da T dsda P

Treating the point as lying in the complex plane we can combine these as:

3 dx+jdy g Q
de da = da Jda

and integrating we therefore have

z:/dz:/%da:/poe(”ﬂ)o‘da
do

_ {ﬁmgmﬁa]__fMUZ—f)EWﬂ> BT elatia
a+j (a+))(a—j) %+1
Now
|Z|2 = 7 = (a—])(a +])p% (a+j)a+(a—))a eZaa

(@ +1)? a2+1p0
so the radius can be calculated as:
1

r=lo = a2+190€m

which is the expression of a logarithmic spiral (cf., for example, Wikipedia).
Let x; be the parameter ¢ on the curve, so

bY) t
——coshf—O: xp = ccosh -
c c c

Then, computing terms of the expression (12.7) of curvature:
t 1 t
'=(1 inh--—, 0)=(1, sinh-, 0
X (aCSIHC ¢’ ) (aSIH PL )
x x =1° —s—sinhzf =1+ (cosh2 L 1) — cosh? £
c c ¢
1 t
x" =(0, —cosh-, 0)
¢ ¢

1 t
x"-x" = = cosh? -
¢

P
1 . t t
x -x”"=1-0+ = sinh - cosh -
c c ¢

= p(cosa +jsina) = pd® = ppe™d® = poel® ™

14
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so that
2+ 1 2¢ 1 aint ¢ £\2 1 4r 1 12t 2t
o \/cosh o ;cosh i (; sinh 7 cosh E) B \/62 cosh™ { — 5 sinh” { cosh” *
o 3/2 - 3¢
(cosh2 5) cosh™ ;
1 4 ¢ _ 2 t 2 t
\/ z (COSh c (COSh c 1) cosh c) 1 /cosh? £ cosh* £4 cosh? £
cosh3§ c cosh3£
h? ¢ :
1ycoshc 1coshy 1 ot
= - T, = 3t:fcosh -
¢ cosh” % ¢ cosh” c c
or

t
p = ccosh? -
c

Now

s:/ds:/\/x’~x’ dt:/,/coshzg dt:/cosh£ dt:csinhg
0
2

.ot t $ t t
szzczsmhzf:cz(coshzf—l)# 2 —cosh®’- —1= coshzfzs—
c c 2 c c 2

S

+1

and

s 1
p—c(cz+1>—csz+c

15

(201)

(202)
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(204)

(205)

(206)
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625 Further Remarks on the Representation of Surfaces; Examples.

025.1 The representation x(u!, u?) = (0, 4!, u?) is the yz-plane with
Ox1 /0ut  Ox; /Ou? 0 0
J= |0x/0u' Ox /0| = |1 O

Ox3/0u'  Ox3/0u? 0 1

which has a nonvanishing determinant of order 2 and is thus itself of rank 2.
1

(208)

x(u',u?) = (u! + u?,u' + u?,u") is a plane intersecting the z-axis and the line x = y in the xy-plane.

is also of rank 2.

x(u',u?) = (rcosu®, rsinu', u?) is a cylinder of radius » about the z-axis, with

—rsinu! 0
J= |+rcosu! 0

0 1

(209)

(210)
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always has either

1 i
7COOS” (1)’ =rcosul A0 Vv ‘ rs(l)nu (1)‘ = —rsinu! #0 (211)
and is thus also of rank 2.
The Jacobian of the curve ¢ = (%1(s), ha(s), x°)
act/0s  Oct/ox® H 0
02/9s 92/o| = K, 0 12)
0c/0s a3/ |0 1

is of rank 2 as long as either 4] # 0 or /4, # 0, i.e., the curve is nowhere locally tangent to the z-axis.

Eliminate coordinates from the parametric equations:

x = acosu® cos u! x> = a® cos® u? cos? u! *?/a® = cos? u? cos®
y=bcosu?’sinu! = {? =0t cos?ulsin’u! = “h.A0 2 /b* = cos? u? sin’ ul (213)
z = csinu? 2 = Zsin®u? 2/E = sin’ i?
so then
;iz + ;; = cos? u?(cos? u! + sin® u') = cos? u? (214)
LA 2.2 | il 2
= a—2+b7+§—cosu+51nu—1 (215)
2y 2
Z 42 12 1= 21
= Stats 0 216)
x = au' cos v ¥ = a*(u')? cos? u? ¥ /a> = (u')? cos w?
= bu sin? = { P =0(u)sin? 2 = {HP/6 = (u})?sin’ i (217)
z= (u')? z= (u')?
P
aer;;(l)z(coszuersm u)é St )é—z:o (218)
x = au' cosh u? £ = a®(u")? cosh? i £/ = (u")? cosh? 12
= bu smhu = P =0 sinh’ 2 = {26 = (u')?sinh® 12 (219)
z=(u')? z= (u')?
SO
% . 2y
o Jﬁz = (u!)*(cosh? u! — sinh? ) = (u')? = — = y—z —z=0 (220)
b a b
x = asinh u! cos u? x% = a? sinh® 4! cos? 2 x2/a* = sinh® u' cos? 12
y=bsinhu'sin®? = {)? = sinh’*u'sin’u?2 = { y*/b* = sinh?® 4! sin® 2 (221)
z=ccoshu! 2 = cosh? u! 2/ = cosh? u!
SO
P 2 . 2y 2
p ;;—szsmhzul—coshz l—_1= ;4—))—2—?—#1:0 (222)
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§27 First Fundamental Form. Concept of Riemannian Geometry. Sum-
mation Convention.

027.1 From:
x(u/,u?) = (rcos @, rsin,0) (223)
ox . ox .
X, = 5 = (cosd,sinf,0); x¢= 0= (—rsinf,rcos6,0) (224)
g, = cos’ 0 + sin? 0 = 1 (225)
8o = 7 sin” 0 + 7 cos? § = 7 (226)
0 = 8y, = —7sinflcosf + rsinfcosf =0 (227)
SO
(ds)? = g, pdudu’ = (dr)? + A (d9)? (228)
027.2 From:
x(u', i) = (hy(u'), ho(u"), ) (229)
ox fIN 1 ox
Xl:w:(hl(“ ), By (u), 0); XZZW:(O,OJ) (230)
g = HE(uh) + K (u)) (231)
&n =1 (232)
g2=81=0 (233)
(49)? = gopdudu” = (HP(u') + 4 (') ) (du')? + (du2)? (234)
Revolve a point about the x3-axis by setting /;(u!) = rcosu' and hy(u') = rsinu', so:
Hy(u') = —rsinu';  Ky(u') = rcosu! (235)
= W2 (") + K (u') = Psin® u' + 7 cos? u! = 7 (236)
and
(ds)? = (du')’ + (du)? (237)
027.3 So x1 » are the parameters on the surface (x', %%, F(x!, £%)):
0x OF 0x OF
Xlzgz(lao’%% x2:@:(0,17@) (238)
OF o
g1 =1+ e =1+F (239)
OF\*
g22:1+(axz> =1+F (240)
OF OF

— FF (241)



0274

A 28.1

SO

(ds)? = g, pdxdx” = (14 F})(dx')? + 2F1 Fadx'dx® + (1 + F3)(do?)?

3\ 2 0x% 03 o\’

Question: Why does the book continue to use subscripts for x,, instead of superscripts like #*?

or

From the expression of Cartesian coordinates:

X = (x1,%,%3)
ox
Xo = % - (i 61(1)

8ap = Ti biadip = dap
(dS)Z =+a +p 8ap dxadxﬁ =+ao+p 504,3 dxozdx,@ = +a(dxa)2 = (dxl)z + (de)z + (dx?))z

For spherical coordinates:

x = (rcos 6 cos ¢, rcos 0 sin ¢, rsin )
ox . . .

Xo =55 = (—7sin @ cos ¢, —7sin 6 sin ¢, rcos 6)
0x .

Xp =50 = (—rcosfsin ¢, rcosd cos ¢, 0)

X, = % = (cos 6 cos ¢, cos §sin ¢, sin )

Zop = rzsinzecosqu—&-rzsinzesin2¢+rzcoszﬁ = sin’ 0 + 7 cos? 0 = 7
8o = ﬁc052951n2¢ + 7 cos? 0 cos? ¢p = 7 cos® 0
g, = cos® § cos® ¢ + cos? 6sin® ¢ + sin® 6 = cos? 6 + sin’ 0 = 1
8oy =80 = 7 sin 6 cos 0 sin ¢ cos ¢ — #* sin 0 cos @ sin ¢ cos ¢ = 0
8o, = 8,9 = —rsinf cos  cos? ¢ — rsin f cos O'sin® ¢ + rsin  cos 6
= —rsinf cosf 4 rsinf cosf = 0

8sr =8¢ = —rcos? 0'sin ¢ cos ¢ + rcos? f'sin ¢ cos ¢ = 0

(d9 = +as 8up dradrs = P(d0)? + 7 cos® 6(de)” + (dr)?

528 Properties of the First Fundamental Form.

Prove that the first fundamental form is positive definite by developing:

18

(242)

(243)

(244)

(245)

(246)
(247)

(248)

(249)
(250)

(251)

(252)
(253)
(254)
(255)

(256)
(257)
(258)

(259)
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[Ox1 /Oul]  [0x1/0u"] 2 2 2
& = a—xl : a—xl = |0x/0u| - |Oxp/Ou! | = (%) + (%) + (%) (260)
oul Ou O3/ Ou Oy /Ol ou Ou ou
[0x1 /0u?]  [0x1/0u?] 2 2 2
80 = 8—)(2 : a—XZ = |0x/0ut| - |0xp/Ou* | = (%) + (%) + (8363) (261)
ou? Ou O3 | Oui? O3 | Oul ou ou Oou
- aor )7
g ox ox[Smsn] (Sl onon  omon  omon 0
S2 781 T 51 e 8x§ e ﬁxi o2 | 0w 0w ol 0w Oul oup
Then
8)61 83(2 83(3 8x1 83(2 2 8x3 2
L1822 — 812821 ( ot 8u1> ot ) ( 2 8u2> + By (263)
8x1 8x2 (%Cz (93(3 8x3 1 8x2 sz 8)63 (9x3
<aauZ owl 2 " oul 8u2) ( T 902 ol azal> (264)
d dJC1 0x1 ()xz 2 (9363
— (& ) 2
(a ) (auz) + (am) <8u2) <3u1> (auz (265)
0x 0x1 0x) 0x, 2 Ox3 2
() ) () ) + () () oo
Ox3 Ox1 0x3 0x Ox3 Ox3 2
B (R o 2
+ (dm) (0142) <0u1> <()u2) <()u1> <0u2) (267)
OO OnOn  OnOn Ox0x, Ox 0x Ox30x3 (268)
Oul Ou? Ou! Ou?>  Oul Ou? Ou! Ou?  Ou! Ou?  Ou! Ou?
_OmOm Ondn  Omin 0ndn  0x0n 0 0x 269)
Oul Ou?2  Oul 0u?2  Oul Ou?2 Oul Ou?  Oul Ou? Oul Ou?
0X3 8x3 ‘()xl 8x1 83(3 (956'3 0)62 8x2 8x3 3)6'3 8x3 E)x3
T 0 00 w0 0w 0 oW o ol o (270)
_(ndm _Omon\ (0nOx 0xu0n)' (Ondn  Onim\’
C \ul 02 Oul Ou? Ou! Ou?  Ou! Ou? Ou! Ou?  Ou! Ou?
71)

which is the sum of the squares of the three subdeterminants of the Jacobian. Since Jis of rank 2, at least
one of these must be nonzero, so this sum is positive and g;,8,, — £1,4,; > 0.

A 28.2 Develop the expression of the discriminant:
£ = 811822 — 812821 (272)

ou™ ouP  Out Ou¥ ou™ OuP  Out du”

= Dl 0a 8 0 S T ol 0@ o ot (273)

_ow o v ow | ou 0w’ ou ou o

T oul onl o azﬂgaﬁgﬂ" Oul o0u? Ou? Bulgaﬁg“"

Ou® OuP Au* du”  Au®™ duf Aut du”

=\ ol 0a' 02 0@~ 0wl 0 0 Ot ) SePEm (275)
Ou® dut [ 0u® du”  OuP ou”

= o 0 (aul o amw) Zapyw (276)
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The parenthesized expression vanishes if 3 = v, so
Ou® Out [ (Ou' Ou*>  Ou' Ou? 0w out  Ouw? ou'
Ou® out [ (0u' 0u®  Ou' Ou? ou' 0u*  Ou' Ou?
= oul o2 K(‘)ulauz B 81{2(9ul> Sa18u2 — <6m18uz 92 oul
Ou® Ou* [ Ou' Ou*  Ou' Ou?
= o 02 (8‘1418512 - (’W&)‘Lﬂ) (gmg#z —gazgm)

The rightmost parenthesized expression vanishes if o = p, so

Out Ou? Ou? Oul

Aul Ou?  Ou' Ot
= 9l 02 02 onl ﬁ@(gugzz — 81281) + ﬁ@(gmglz — 220811

Ou! 0u®  Ou! 9u? oul 0u?  Ou? Oul
“\owoz  azow) \owow ~ au o) Gn&2 88

(Ot u) ( B )
= a(ul, i) 811822 — 812821)-

A different local parametric representation than the one given in the Answers:

x = (7(z) cos ¢, r(z) sin ¢, z)
is allowable everywhere except where dr/dz = co.

Xy = (—r(2)sing, r(z)cos¢, 0)
x, = (7(2)cos ¢, 7(z)sing, 1)

So the components of the metric tensor:
8pp = X¢ - Xp = #(2) sin® ¢ + #(2) cos® ¢ = 7 (2)
%, =X, X, = 7?(2) cos® ¢ + 7*(z)sin® ¢ + 1 = 7%(2) + 1
8o = 8 = Xg " X = —rz(z) sin ¢ cos ¢ + rz(z) singcos¢p =0

and

(ds)? = P (2)(dg)* + (7*(2) +1) (d2)’

Again, a different local parametric representation:
x = (rcos ¢(z), rsin ¢(z), z)
is allowable everywhere except where d¢/dz = oc.

x, = (cos ¢(z), sing(z), 0)
x, = (~rsiné(2) - ¢/(2), reosé(z) - ¢'(2), 1)

So the components of the metric tensor:

g, = cos? ¢(z) + sin’ ¢(z)

g, = # sin’ B(2) - ¢?(2) + 7 cos? ¢(2) - ¢ (2) + 1 = P¢'%*(2) + 1

g, =g, = —rsing(z)cos #(z) - ¢'(z) + rsin ¢(z) cos #(z) - ¢'(z) = 0

20

77

(278)

279)

(280)

(281)

(282)

(283)

(284)
(285)

(286)
(287)
(288)

(289)

(290)

(291)
(292)

(293)
(294)
(295)



and

(ds)? = (dn)* + (P¢"*(2) + 1) (d2)?

[128.3 By straightforward expansion of

b (i) -

we get

ou' jou'  ou' )on?|

ou?/ou'  Ouw? | Ou?

0q 10q
0q 10ql
[USTRLGSY]

oul J0u'  Oul Jon|’ 2
ou?)on' ot om?| |omt)ou' oo

_ (|outjount  ou')0w?| |0w')ont  ou' )0
—\|0u?/0ut  0u?)out| |0u?/ou' Ouw?/0u

Oul /ou® - 0u®/ou'  Ou' Jou - Ou® | ou?
0u?/0u® - 0u™/0u'  Ou? /ou” - Ou” | Ou
ou' /ou'  Ou' JOu?
ou*/ou'  Ou? | ou?

2 (0@, u?) 2
S \o@,w))
028.4 This follows from the expansion of:

— 0, ) o, u?)

ou'/ou'  ou')ou?

. ):
)

DD =56 @) o, )
_ |0t jou' o' jow?| |ou'/ou'  Ou' [ou?
0w )out 0ut)ow?| |0u?)ou'  Out)Oou?
_|out/ou - 0u Jout  Oul /Ou - Ou™ | Ow?
= 0w /0 - 0 /ou' 9 )0uc - D |0u
_|outjout out/on?] |10 _
T 0u?/out our/Oout| T 0 1] T
028.5 Unsolved.

631 Basic rules of tensor calculus.

031.1 Pair terms between upper and lower diagonals:

aaﬁbalg =+4a+s aa’BhQB
= ("’a,B:a:ﬁ aaﬁbaﬂ) + (+a,[3:a<5 aaﬁbaﬁ + aﬁabﬂa)
= ("‘oz,ﬁ:oc:ﬂ aaﬁ . O) + (+a,6:a<[3 aa'ﬁbaﬁ — aaﬁbaﬁ)
=0+0=0.

31.2 From:

own  dwr ouM  ow™ P
Ourr ™" urr - Qum " Quns N

Il
3¢

=
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(296)

297)

(298)

(299)

(300)

(301)

(302)

(303)

(304)

(305)

(306)

(307)
(308)
(309)
(310)

(311)



033.1

0332

033.3
0334

T _ ou®t  Ou® ou™ Ou™ _ o Be
TN T g Omwr Oubt T guBs T e

we obtain:

7V\1...AS_3W owr Qu Qu duM Jud duh W, g
R Qs Qs Qun T Qur Qum T Qu OuP T Qubs T v
_Ou™ Qu 0wM Oud 4 s
T VT P

§33 Special tensors.

By (33.2), €V = e,p58"“g"" so:

80" = €apg" 8" 8., = €apg"’0s = €opg"”’
g,uogyTel“/ = eUﬂguﬁgm— = 60557{3 = €or

so then

€00 = Eaﬁg()agoB = 6mgoogm + EIOgmgoo = 6Olgoogm - 6mgmgoo =0
€11 = 6a6g1agw = 6mgmgn + Emgnglo = 6Olgwgn - 6mgnglo =0
1 1 1

o 0 0
€01 = € ﬂgOaglﬂ =e¢ 1googn +e 801810 = ?ggoogn - \*@gmgm = fg

Lo1 411

€10 — Gaﬁglagoﬁ = ...= —\/é

From (33.4), Ea’Beg,y = 0. With the result of Exercise 1 €3, = €'"g, 58, we have:

858, = 05

and

Vg, 50,87 = 058"

et org, = 058"

ay KV _ L0k
€ € gz/'y*g

Simply: g5 = g, - 877 = 55,

Expanding by terms:
S =00+6=1+1=2
5565 = 6060 + 6607 + 6965 + 6101 =1+0+0+1=2
507305 = 606000 + ... + 016161 =1+0+ .. +0+1=2

Soo  &L10

22

(312)

(313)

(314)

(315)
(316)

(317)
(318)

Ve

(319)
(320)
(321)

(322)

(323)
(324)
(325)

(326)
(327)
(328)



537 Remarks on the definition of area.

037.1 Renaming coordinates in (25.4) we have:

x(r,¢) = (rcos ¢, rsin ¢, ar)

ox .
X, = o (cos ¢, sin ¢, a)

Xy = ?T; = (—rsin ¢, rcos ¢, 0)

gr,:x,~x,:cosz¢+sin2¢+a2:a2+1
gd,d,:x¢-x¢:rzsin2¢+1;cosz¢+0:r2
84r =8¢ = X Xy = —rsingcos ¢ +rsingcosg +0=10

SO
2+1 0
=1 ) 72’ = (a2 + 1)1’2
and then
2n B/a B/a
A= / /\/§d7d¢ ://\/(6124—1)72 drd¢ :\/aZ—i—l//rdrdd)
¢=07r=0 ¢ r ¢ r=0
2n
a B\Va® +1
V@ [ a0 = VaEr [y a6 =120 [
] [ ¢=0
N
= %BZ ¢ ;— 1275.
a
037.2 From x, = F(xp, x;) we obtain:
ox OF ox OF
-2 (1.0 2. -9 1. 95
%o 8x0 ( 70, 6xo> P X 83(1 <0, ’8x1>
SO
OF \? OF \? OF OF
fo =14\ g0 ) i e =1+ ) 5 &w=2g =75 7
and
_ |800 Bo1
& 810 S

(14 OFN (1 OFY _(oF OFY

o Oxp Ox1 Oxg  Ox

o (PEN L (OEN' L (OEN(OFN_(oF OF?
o Bxl 8x0 8x0 8361 69(0 8X1

1L (OFY, (OFY
N 6x0 8961
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(329)

(330)

(331)

(332)
(333)
(334)

(335)

(336)

(337)

(338)

(339)

(340)

(341)

(342)

(343)

(344)



037.3

SO

OF\* [ 0F\?
dA:\/gdedxlz\/l‘i‘() +<8xl) dedxl

83(0

Using the representation from Exercise 28.1:

_ ‘rz(z) 0

Lo Sz
0 2@ +1

gzd) gzz

. \ = P() (P(2) + 1)

so the element of area is
d4 = /g dpdz = r(2)\/7?(2) + 1
For a sphere of radius R, 7(z) is expressed as follows:

R=Z+7P= P=R-2= r=VR -2

SO

1 1 . z
7(z) =3 = 2z= =
and
2 R?
20 2 _
7%(z) 2 ZZ:> /(z)—l—l—R2 =
and
R2
g=7@) (@) +1) = (Rz—zz)Rz_Zzz R*= g=R
Integrating:
2r 4R +R
A://dA =/ /Rdzd¢> :R// dzdg :R/[z]tj; do
U ¢=0z=—R ¢ z=—R ®
2n 2m

:R/ZR do :2R2/d¢ = 2R?[¢)i" =2R%-2n = 4nmR%.
$=0 $=0

538 Second fundamental form.
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(346)

(347)

(348)

(349)

(350)

(351)

(352)

(353)
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In cosy = p - n, p is a property of the curve and n is a property of the plane (see figures). With p = x/x
this can be written in terms of two different properties of the curve as k cosy = X - n.

Defining b.g = X3 - 1 = —X,, - ng as properties of the surface alone, it is derived that

bop du/dr duP /At bopdudu’
8op due/dr du®/dt g, zducduf

KCOS7y = (354)

Apparently the du®du” depend only on the direction of the unit tangent vector of the curve, therefore &
depends only on properties of the surface and the directions of the unit tangent and the unit principal
normal of the curve.

By Exercise 38.8

ox ox ox
Xo—aixo—[l()f’_'o], X]—aixl—[OIF]}, Xz—%—[OOFaﬂ] (355)
where F,, = OF/0x,, and F,3 = 0*F/0x,0xs. Then
1 0 0
|X0 X1 Xa5| =10 1 0 ZF() (1) 8‘ —F1 (1) 8‘ +Fa5 (1) (1)’ :Fa,B (356)
Fy Fi Fups
From Exercise 37.2, g = 1 + (Fp)? + (F1)?, so
Fog
bog = . (357)
P VT (RP ()
Given an allowable transformation between ©* and z°:
GG 0% om
baﬁ = Xo " X3 = 0™ 3115 (358)
__ﬁaﬂ. on Ou” __ﬁ. an%auv (359)
T Our Oue Ouwr OB Out Ou’ One 9P
out ou” out ou”
= X M P O G i (360)

which is the transformation of a covariant tensor as in (30.3) or (30.5).

§39 Arbitrary and normal sections of a surface. Meusnier's theorem.
Asymptotic lines.

A cone of revolution can be represented as

azsinf —azsinf acosf
x = [azcosf|; sothat xg = | azcosf |, x, = |asinf 361)
0 0 1
So the components of the metric tensor are
80 = Xo - Xg = +a22 sin® 0 4+ 22 cos? 0 + 0 = o2 (362)
2, =%, X, = a?cos’ 0+ a?sin’ 0 + 1 = a?(cos? 0 +sin®0) + 1 = a? + 1 (363)

—azsinf acosf
80 =8y, = | azcosf | - |asind| = —a’zsinfcosf + a’zsinfcosh + 0 = 0 (364)
0 1
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Since
[—azsin 6 acosf azcosf
Xg XX, = | azcosf | x |asinf| = +azsin 6 (365)
0 1 —azsinf - asinf — acos @ azcos 6
[ ozcos ozcos
= azsin 6 = | azsinf (366)
| —a?z sin? 6 — a2zcos? 0 —a?z
and
2
g= aozz az(:—l‘ =a?2(*+1) = g=1/a?2(a®+1)=azVa?+1 367)

So by Equation 34.1:

1 azcosf cosf

n=——— |azsinf| = ——— |sinf 368
azv/a? +1 oz a?+1 —a (368)

is independent of z. Since the generating lies of the cone are those with constant 6, all the points on a
generating line have tangent planes with identical mormal vector-- hence their normal planes coincide.

A cylinder of revolution can be represented as

rcos 6
x = [rsinf|; so that (369)
z
—rsinf 0
xg= | rcosf |, x,= |0|; and (370)
0 1
—rcosf
Xgg = | —7rsinf |, x, =0, X9, =X,9=0 371)
0

so by Equation 38.2 b,, = 0, by, = b,y = 0. By (39.4) the differential equation of any asymptotic curves
are bgg d9d6 = 0. Since by 38.8

1
bog = — |Xo X; Xgg (372)
—rsinf 0 —rcosf .
—rsinf  —rcosf

1 ;

:%: VC?)SG (1) —1’?)1119 —?g_l I’COS@ —rsinQ (373)
o L, R

7—\—@(+%sm 6 + 7 cos a)ff\—[g%ff\—[gyéo (374)

the asymptotic curves must then have df = 0, so the lines with constant 6 are the asymptotic curves.

640 Elliptic, parabolic, and hyperbolic points of a surface.

Beginning again with a representation of a surface of revolution:
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x(0,7) = [rcos@ rsinf z(7)] (375)
we derive first and second derivatives:

xg = [-rsinf rcos® 0]; x,=][cosf sinf Z(r)] (376)
xgg = [-rcos —rsinf 0] x,=[0 0 Z'(r)]; x9=x¢,=[—sinf cosf 0] 377

so then the components of the first fundamental form are:

8pp = +7sin” 0 + 7 cos’ 0+ 0 = 7 (378)
g, = cos?f +sin® 0 4+ 2%(r) = 22(r) + 1 (379)
&0 = 8y, = —7sinflcosf + rsinfcosf +0 =10 (380)
and
7 0 2
g= ‘ocﬁ gaﬂ’: 0 212(7)+1’ :72(5 (7)+1) (381)

Then the components of the second fundamental form are

1 —rsinf cosf —rcosf 2(r) _rsind®  —rcosd
bog = — | rcosf sin@ —rsinf| = 2 — |7 /¥Y T (382)
N/ 0 2(r) 0 N/3 rcosf  —rsinf
-2 (+7sin” 0 + 7 cos?0) = o0 20 (383)
V& V& r/22(r) + 1 VZ2(r) + 1
—rsinf cosf 0 , .
b= L |rcosd sm@ o | =Z)|-rsing cost (384)
N/ 0 20 29 g |rcos sinf
Z'(r) .2 ) 2" () 2’ () Z'(r)
= —rsin“f —rcos“ 0 ) = — =— =— 385
g ( ) V& r/2?(r) + 1 VZ2(r) +1 (385)
—rsinf cosf —sind . .
P . _ Z(r) |-rsinf —sind
bg, = by = \—[g rcc())sﬁ ?r(lg cog& = —% rcos cos 0 (386)
= _Z0 (—rsinfcosé + rsinf cosd) =0 (387)
Ve
The asymptotic curves therefore are given from (39.4) by
bop du“du’ = bge d6dO + b, drdr (388)
-1
= —— (#Z(r) ddO +2'(r) drdr) =0 389
o (20 () drdr) (389)
= rZ(r) d0dl +2'(r) drdr =0 (390)
Now
b= lasbas| (391
722/ 7
_|- Mf; 0 |_112Z() 0 |_ PZ0Z'() _ Z(0Z'(0) (392)
0 -Z01 g| 0 A0 PEO+D P+

Therefore, if 2/(r) = 0 then b = 0 and points are parabolic. If Z/(r)z’(r) > 0 points are elliptic; if
Z(r)Z"(r) < 0, they are parabolic.
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641 Principal curvature. Lines of curvature. Gaussian and mean cur-
vature.

For a general surface of revolution, Exercise 28.1 gives a representation for which g,, = g, = 0. Also:

1
by = by, = — |X, X4 X, 393
0= b= 2 | o Xog| (393)
where, building still on Exercise 28.1:
0x, 0 . .
%= 56 = 05 [7(z)cosp 7(z)sing 1] = [/ (z)sing 7(z)cos¢ 0] (394)

SO

7(z)cos¢ —r(z)sing —7(z)sing —rz2)sing —7(2)sine

X, Xp Xgg|= /(z)lsingb 7(2) 805 0] /(Z)(()ZOS ¢ | =+1 Hz)cosé  7(z)cos (395)
= —1(2)7(z) sin ¢ cos ¢ + r(z)7 (z) sinp cos ¢ = 0 (396)

Therefore by Theorem 41.3, the coordinate curves under this representation are also lines of curvature.
For the special case of surfaces which are (locally) cylindrical, the previous representation doesn't apply.
In that case we can use the representation of Exercise 39.3, where g,, = g,, = 0 because the coordinate
curves are orthogonal (Theorem 35.1) and by, = b,y = 0, so that the coordinate curves are lines of
curvature in this case also.

From Exercise 27.4 we have the components of the first fundamental form of a sphere, so

7 0
0 #cos?d

800 80

=7 cos? 0 (397)
8oy oo

The normal curvature sy at any point is simply 1/7, so the total (Gaussian') curvature is & = 1/7. Thus

)
K:é éb:gK:rcose
g 7

=7 cos® 0 (398)

645 Formulae of Weingarten and Gauss.

The objective is to find a representation of the partial derivatives of x,, and n with respect to #“ in terms
of themselves, along the lines of the formulae of Frenet for curves.

Beginning with

d
n-n=1 = @(n'n) =No-N+n-n,=2n,-n)=0 =n,-n=0 (399)
Since n,, L n, they are in the tangent plane. So
I} : ny =) x, (400)

then

VX, ! Do Xo =CL Xy KXo = Zgw (401)
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Since byq = —X, - No (38.4):

— Y
_bUOc - Cag'yo

and then

—boo 87T =188 =0T =c, = -b,=c, =1b,=—c,
so that

n, = 7bg X3

Since in general x,, - Xg = 1 a derivative X,g will not lie in a plane orthogonal to x,; so
s dap : Xap =L sXy +aapn
To determine the a,g we take
Xop N =T),%, - N+dep-n-n
Since by definition b,3 = X453 -1n(38.2),x, -n=0,andn-n = I:
bop=0+adag = dap = bag
To determine the I}, ; we take
Xop X" =T) %, - X" +agpn-x"
Since x, - x* = ¢} and againn L x" = ¢*"x:
Xop - X" = Flﬂ&" +0 =Ths=Xas X"

SO

Xop =0 Xy +bagn; T)g=Xap X

29

(402)

(403)

(404)

(405)

(406)

(407)

(408)

(409)

(410)

If bos = O0thenx,p =I") 5 Xy, s0 over the entire surface the x,, remain in the plane spanned by x,,; ergo

the surface is a plane.



