
Colophon

This book was constructed using XeLaTeX and output directly to PDF. Latin script was set in Calisto.
Some mathematical graphics were created with Mathematica and exported to Encapsulated PostScript.

Myworked solutions largely follow theAnswers to Problems in the textbook. The Exercises were often of
a fair level of complexity and the solutions often sufficiently ingenious, calling upon enough foundational
mathematics that had faded frommemory, that I found it useful to . I learned as much, if not more, from
this process than if I'd simply read the text. Theseworked solutions representmy best effort at interpreting
the author's answers, occasionally expounding on them, and even more rarely correcting errors. Do not
expect them to be error-free. I welcome corrections or suggestions.
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Answers to Exercises

§8 Examples of Special Curves

Let:� 8.1a

xt =
(

3t
1+ t3

,
3t2

1+ t3
, 0
)

(1)

x =
3t

1+ t3
⇒ (1+ t3)x = 3t ⇒ xt3 − 3t+ x = 0 (2)

y =
3t2

1+ t3
⇒ (1+ t3)y = 3t2 ⇒ yt3 − 3t2 + y = 0 (3)

∣∣∣∣∣∣∣∣∣∣∣∣

x 0 −3 x
x 0 −3 x

x 0 −3 x
y −3 0 y

y −3 0 y
y −3 0 y

∣∣∣∣∣∣∣∣∣∣∣∣
= x

∣∣∣∣∣∣∣∣∣∣
x 0 −3 x

x 0 −3 x
−3 0 y
y −3 0 y

y −3 0 y

∣∣∣∣∣∣∣∣∣∣
− y

∣∣∣∣∣∣∣∣∣∣
0 −3 x
x 0 −3 x

x 0 −3 x
y −3 0 y

y −3 0 y

∣∣∣∣∣∣∣∣∣∣
(4)

= −x2

∣∣∣∣∣∣∣∣
x 0 −3 x
−3 0 y
y −3 0 y

y −3 0

∣∣∣∣∣∣∣∣+ xy

∣∣∣∣∣∣∣∣
x 0 −3 x

x 0 −3
−3 0 y
y −3 0 y

∣∣∣∣∣∣∣∣ (5)

− xy

∣∣∣∣∣∣∣∣
0 −3 x
x 0 −3 x
y −3 0 y

y −3 0

∣∣∣∣∣∣∣∣− y2

∣∣∣∣∣∣∣∣
0 −3 x
x 0 −3 x

x 0 −3
y −3 0 y

∣∣∣∣∣∣∣∣ (6)

= x3

∣∣∣∣∣∣
−3 0 y
y −3 0

y −3

∣∣∣∣∣∣+ x2y

∣∣∣∣∣∣
x 0 −3
−3 0 y

y −3

∣∣∣∣∣∣+ x2y

∣∣∣∣∣∣
x −3 x
−3 y
y 0 y

∣∣∣∣∣∣− 3xy

∣∣∣∣∣∣
x −3 x

0 −3
−3 y

∣∣∣∣∣∣ (7)

+x2y

∣∣∣∣∣∣
−3 x
−3 0 y
y −3 0

∣∣∣∣∣∣− xy2

∣∣∣∣∣∣
−3 x
0 −3 x
y −3 0

∣∣∣∣∣∣+ xy2

∣∣∣∣∣∣
−3 x
x 0 −3
−3 0 y

∣∣∣∣∣∣+ y3

∣∣∣∣∣∣
−3 x
0 −3 x
x 0 −3

∣∣∣∣∣∣ (8)
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= x3
(
−3
∣∣∣∣−3 0
y −3

∣∣∣∣− y
∣∣∣∣0 y
y −3

∣∣∣∣)− x2y2
∣∣∣∣ x −3
−3 y

∣∣∣∣+ x2y
(
x
∣∣∣∣−3 y
y 0

∣∣∣∣+ y
∣∣∣∣ x −3
−3 y

∣∣∣∣) (9)

− 9xy
∣∣∣∣ x −3
−3 y

∣∣∣∣− x2y2
∣∣∣∣−3 x
y −3

∣∣∣∣+ x2y2
∣∣∣∣−3 x
y −3

∣∣∣∣− x2y2
∣∣∣∣ x −3
−3 y

∣∣∣∣ (10)

+ y3
(
−3
∣∣∣∣−3 x
0 −3

∣∣∣∣− x
∣∣∣∣0 x
x −3

∣∣∣∣) (11)

(12)

= −3x3
∣∣∣∣−3 0
y −3

∣∣∣∣− x3y
∣∣∣∣0 y
y −3

∣∣∣∣− 2x2y2
∣∣∣∣ x −3
−3 y

∣∣∣∣+ x3y
∣∣∣∣−3 y
y 0

∣∣∣∣ (13)

+ x2y2
∣∣∣∣ x −3
−3 y

∣∣∣∣− 9xy
∣∣∣∣ x −3
−3 y

∣∣∣∣− 3y3
∣∣∣∣−3 x
0 −3

∣∣∣∣− xy3
∣∣∣∣0 x
x −3

∣∣∣∣ (14)

= −3x3
∣∣∣∣−3 0
y −3

∣∣∣∣− x2y2
∣∣∣∣ x −3
−3 y

∣∣∣∣− 9xy
∣∣∣∣ x −3
−3 y

∣∣∣∣− 3y3
∣∣∣∣−3 x
0 −3

∣∣∣∣− xy3
∣∣∣∣0 x
x −3

∣∣∣∣ (15)

= −3x3 · 9− x2y2(xy− 9)− 9xy(xy− 9)− 3y3 · 9− xy3 · −x2 (16)

= −27x3 − x3y3 + 9x2y2 − 9x2y2 + 81xy− 27y3 + x3y3 (17)

= −27x3 − 27y3 + 81xy = 0 (18)

⇒ x3 + y3 − 3xy = 0andz = 0. (19)

Let:� 8.1b

xt =
(

at
t2 + 1

,
b(t2 − 1)
t2 + 1

, 0
)
a, b ̸= 0 (20)

x =
at

t2 + 1
⇒ (t2 + 1)x = at ⇒ xt2 − at+ x = 0 (21)

y =
b(t2 + 1)
t2 + 1

⇒ (t2 + 1)y = b(t2 − 1) ⇒ (y− b)t2 + (y+ b) = 0 (22)

∣∣∣∣∣∣∣∣
x −a x

x −a x
y− b 0 y+ b

y− b 0 y+ b

∣∣∣∣∣∣∣∣ = x

∣∣∣∣∣∣
x −a x
0 y+ b

y− b 0 y+ b

∣∣∣∣∣∣+ (y− b)

∣∣∣∣∣∣
−a x
x −a x

y− b 0 y+ b

∣∣∣∣∣∣ (23)

(24)

= x(y+ b)
∣∣∣∣ x x
y− b y+ b

∣∣∣∣− a(y− b)
∣∣∣∣−a x
0 y+ b

∣∣∣∣− x(y− b)
∣∣∣∣ x x
y− b y+ b

∣∣∣∣ (25)

= x(y+ b) (x(y+ b)− x(y− b))− a(y− b) (−a(y+ b))− x(y− b) (x(y+ b)− x(y− b)) (26)

= x2(y+ b)2 − x2(y+ b)(y− b) + a2(y+ b)(y− b)− x2(y+ b)(y− b) + x2(y− b)2 (27)

= x2(y+ b)2 + (a2 − 2x2)(y2 − b2) + x2(y− b)2 (28)

= x2(y2 + 2by+ b2 + y2 − 2by+ b2) + a2(y2 − b2)− 2x2(y2 − b2) (29)

= 2x2y2 + 2b2x2 + a2y2 − a2b2 − 2x2y2 + 2b2x2 (30)

= 4b2x2 + a2y2 − a2b2. (31)
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§9 Arc Length

Let:� 9.1

xt = (r cos t, r sin t, ct) c ̸= 0 (32)

st =
∫ t

t0

√
x′ · x′ dt (33)

x′t =
dx
dt

=
d
dt

(r cos t, r sin t, ct) = (−r sin t, r cos t, c) (34)

x′ · x′ = (−r sin t, r cos t, c) · (−r sin t, r cos t, c) (35)

= r2 sin2 t+ r2 cos2 t+ c2 (36)

= r2(sin2 t+ cos2 t) + c2 = r2 + c2 (37)

s =
∫ t

0

√
x′ · x′ dt =

∫ t

0

√
r2 + c2 dt = t

√
r2 + c2 (38)

t
c ̸=0
==

1√
r2 + c2

s = ωs
(
ω =

1√
r2 + c2

)
(39)

xs = (r cosωs, r sinωs, ωcs) (40)

Let:� 9.2

x =
(
t, a cosh

t
a
, 0
)

(41)

x′ =
d
dt

(
t, a cosh

t
a
, 0
)
=

(
1, a sinh

t
a
· 1
a
, 0
)

=
(
1, sinh

t
a
, 0
)

(42)

x′ · x′ = 1+ sinh2
t
a
= cosh2

t
a

(43)

√
x′ · x′ =

√
cosh2

t
a
= cosh

t
a

(44)

st =
∫ t

0

√
x′ · x′ dt =

∫ t

0
cosh

t
a
dt = a sinh

t
a

(45)

Let:� 9.3

x = (a cosϕ, b sinϕ, 0)assumea ≥ b, a, b ̸= 0 (46)

x′ =
d
dϕ

(a cosϕ, b sinϕ, 0) = (−a sinϕ, b cosϕ, 0) (47)

x′ · x′ = a2 sin2 ϕ+ b2 cos2 ϕ (48)

= a2 sin2 ϕ+ a2 cos2 ϕ− a2 cos2 ϕ+ b2 cos2 ϕ (49)

= a2 − (a2 − b2) cos2 ϕ = a2
(
1− a2 − b2

a2
cos2 ϕ

)
(50)

= a2(1− ϵ2 cos2 ϕ),whereϵ2 =
a2 − b2

a2
⇐ ϵ =

√
a2 − b2

a2
=

1
a

√
a2 − b2 (51)



5

Let:� 9.4

xt = (t, t sin
1
t
, 0) (52)

Without loss of generality, determine the length of the arc from t0 = 2
π to t = 0. Break the arc into a

sequence of chords:

ti =
2

(2i+ 1)π
(53)

li = |y(ti+1)− y(ti)| > 2 |y(ti+1)| = 2ti+1 = 2
2

(2i+ 1)π
=

4
(2i+ 1)π

(54)

=
1
π

4
2i+ 1

=
2
π

1

i+ 1
2

>
2
π

1
i+ 1

(55)

∞∑
i=0

li =
∑ 2

π
1

i+ 1
=

2
π

∑ 1
i+ 1

= ∞ (56)

so the arc does not have a well-defined length.

§10 Tangent and Normal Plane

Let:△

xt = (r cos t, r sin t, ct) where c ̸== (57)

x′ =
dx
dt

= (−r sin t, r cos t, c) (58)

s′2 = x′ · x′ = r2 sin2 t+ r2 cos2 t+ c2 = r2 + c2 ⇒ s′ =
√

r2 + c2 (59)

t =
x′

|x′|
=

x′

s′
=

1√
r2 + c2

(−r sin t, r cos t, c) (60)

Let: The curve is given by the parametric representation:� 10.1

xt = (t, t2, 0) (61)

A representation of the tangent is found by:

x′t =
dx
(t)

= (1, 2t, 0) (62)

yu = x+ ux′ ⇒ yt=1 = xt=1 + ux′t=1 (63)

= (1, 1, 0) + u(1, 2, 0) = (1+ u, 1+ 2u, 0) (64)

At y = 0:

1+ 2u = 0 ⇒ 2u = −1 ⇒ u = − 1
2 (65)

so the point of intersection is ( 12 , 0, 0).
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The parametric representation of the curve can be written as:� 10.2

xt = (t, βt2, γtn)whereβ, γ ∈ N (66)

A representation of the tangent is found by:

x′t = (1, 2βt, nγtn−1) (67)

ytu = xt + x′tu (68)

= (t, βt2, γtn) + u(1, 2βt, nγtn−1) (69)

= (t+ u, βt2 + 2uβt, γtn + unγtn−1) (70)

The intersection with the x, y plane:

γtn + unγtn−1 = 0 ⇒ tn−1(t+ un) = 0 (71)

⇒ tn−1 = 0 ∨ t = −un (72)

⇒ t = 0 ∨ t = −un (73)

⇒ t = 0 ∨ u = − t
n

(74)

So

yt(u = − t
n
) =

(
t− t

n
, βt2 − t

n
· 2βt, γtn − t

n
nγtn−1

)
(75)

=

(
t(1− 1

n
), βt2 − 2βt2

n
, γtn − γtn

)
(76)

=

(
n− 1
n

t, (1− 2
n
)βt2, 0

)
=

(
n− 1
n

t,
n− 2
n

βt2, 0
)

(77)

which also implies the case of x(t = 0) = (0, 0, 0).

The two circles can be described parametrically by:� 10.3

xt = (cos t, sin t) (78)

x̃t = (cos t+ 1, sin t− 1) (79)

The tangents are parallel to:

y′t = (− sin t, cos t) (80)

ỹ′t = (− sin t, cos t) (81)

So without loss of generality, find a tangent yt to xt that is also tangent to x̃t∗. The worked solution
considers only the case that t = t∗, but this fails in other configurations--- such as the case where the
second circle is located at (−1,−1). The tangents can only coincide if they are parallel, i.c. x̃′ = ±x′
⇒ t∗ =π t and if any point coincides, e.g. x̃t∗ ∈ {u∈R yt}. The case t∗ =2π π+ t fails on that score, so we
consider only the case of t∗ =2π t ⇐ t∗ = t:

x̃t ∈ {u ytu} ⇒ x̃t ∈ {u xt+ ux′} (82)

⇒

{
cos t+ 1 = cos t− u sin t
sin t− 1 = sin t+ u cos t

⇒

{
u sin t = −1
u cos t = −1

(83)

⇒ 1
sin t

=
1

cos t
⇒ sin t = cos twhere sin t, cos t ̸= 0 ⇒ t =π

1
4π (84)
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y 1
4 π
u = ( 12

√
2− 1

2u
√
2, 12

√
2+ 1

2u
√
2) (85)

⇒

{
x = 1

2

√
2− 1

2u
√
2

y = 1
2

√
2+ 1

2u
√
2

⇒

{
x
√
2 = 1− u

y
√
2 = 1+ u

⇒

{
u = 1− x

√
2

u = −1+ y
√
2

(86)

⇒ 1− x
√
2 = −1+ y

√
2 ⇒ 1

2

√
2− x = − 1

2

√
2+ y ⇒ x+ y =

√
2 (87)

and

y 5
4 π
u = (− 1

2

√
2+ 1

2u
√
2,− 1

2

√
2− 1

2u
√
2) (88)

⇒

{
x = − 1

2

√
2+ 1

2u
√
2

y = − 1
2

√
2− 1

2u
√
2

⇒

{
x
√
2 = −1+ u

y
√
2 = −1− u

⇒

{
u = 1+ x

√
2

u = −1− y
√
2

(89)

⇒ 1+ x
√
2 = −1− y

√
2 ⇒ 1

2

√
2+ x = − 1

2

√
2− y ⇒ x+ y = −

√
2 (90)

so the solutions are x+ y = ±
√
2.

§11 Osculating Plane

If x′, x′′ are linearly dependent for every t then ∀t : x′′t = λt · x′t. Write w = x′ ⇒ x′′ = w′, so� 11.1
w′t = λt ·wt and w′

i t = λt · wit. Solve these as first-order linear differential equations:

w′
i(t) = λ(t) · wi(t) ⇔ w′

i(t)− λ(t)wi(t) = 0 (91)

e
∫
−λ(t)dt · wi(t) = ci ⇒ wi(t) = cie

∫
λ(t)dt (92)

so then

x′i(t) = cie
∫
λ(t)dt (93)

xi(t) =
∫

x′i(t)dt =
∫

cie
∫
λ(t)dtdt = ci

∫
e
∫
λ(t)dtdt+ ki = cit∗(t) + ki (94)

where t∗ = e
∫
λ(t)dt, so

x(t) = t∗(t) · c+ k (95)

which is the parametric representation of a straight line.

§12 Principal Normal, Curvature, Osculating Circle

Starting from the definition:� 12.1

m = x+ ρp = x+ ρ2ṫ = x+ ρ2ẍ (96)
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ẍ =
dẋ
ds

=
dẋ
dt

· dt
ds

(97)

=
d
dt

(
x′ · (x′ · x′)−

1
2

)
· 1√

x′ · x′
(98)

=

(
d
dt
x′ · (x′ · x′)−

1
2 + x′

d
dt
(x′ · x′)−

1
2

)
· (x′ · x′)−

1
2 (99)

=

(
x′′(x · x′)−

1
2 + x · − 1

2 (x
′ · x′)−

3
2
d(x′ · x′)

dt

)
· (x′ · x′)−

1
2 (100)

= x′′(x′ · x′)−1 − 1
2 (x

′ · x′)−2 · 2(x′ · x′′) (101)

=
x′′(x′ · x′)− x(x′ · x′′)

(x′ · x′)2
(102)

ρ2
(12.7)
=

 (x′ · x′)
3
2√

(x′ · x′)(x′′ · x′′)− (x′ · x′′)2

2

=
(x′ · x′)3

(x′ · x′)(x′′ · x′′)− (x′ · x′′)2
(103)

m = x+ ρ2ẍ (104)

= x+
(x′ · x′)3

(x′ · x′)(x′′ · x′′)− (x′ · x′′)2
x′′(x′ · x′)− x(x′ · x′′)

(x′ · x′)2
(105)

= x+
(x′ · x′)

(x′ · x′)(x′′ · x′′)− (x′ · x′′)2
(x′′(x′ · x′)− x(x′ · x′′)) (106)

= x+
x′′(x′ · x′)2 − x(x′ · x′)(x′ · x′′)
(x′ · x′)(x′′ · x′′)− (x′ · x′′)2

(107)

From Example 9.1:� 12.2

x(s) = (r cosωs, r sinωs, ωcs);ω =
1√

r2 + c2
(108)

ẋ(s) =
dx(s)
ds

= (−rω sinωs, rω cosωs, ωc) (109)

ẍ(s) =
dẋ(s)
ds

= (−rω2 cosωs,−rω2 sinωs, 0) (110)

From §12 Example 2:

κ = rω2 ⇒ ρ =
1
rω2 (111)

so then

m = x+ ρ2ẍ (112)

= x+
(

1
rω2

)2

(−rω2 cosωs,−rω2 sinωs, 0) (113)

= x+
1
rω2 (− cosωs,− sinωs, 0) (114)

= (r cosωs, r sinωs, ωcs) +
1
rω2 (− cosωs,− sinωs, 0) (115)

=

(
− c2

r
cosωs,− c2

r
sinωs, ωcs

)
(116)
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where r− 1
rω2 = r− r2+c2

r = r2

r − r2+c2

r = − c2

r . For the cylinder prescribed by r to coincide, we must have

c2

r
= r ⇒ c2 = r2 ⇒ c = ±

√
r (117)

§13 Binormal. Moving Trihedron of a Curve.

If there is a one-to-one correspondence such that the tangents are parallel, then we can choose represen-� 13.1
tations such that ∀s : t∗(s) = t(s). Obviously then

p∗(s) =
ṫ∗(s)
|ṫ∗(s)|

=
ṫ(s)
|ṫ(s)|

(118)

and

b∗(s) = t∗(s)× p∗(s) = t(s)× p(s) = b(s) (119)

§14 Torsion.

Begin by evaluating the 'dotted' components of (14.3):� 14.1

ẋ =
dx
ds

=
dx
dt

dt
ds

=
x′

s′
(120)

ẍ =
dẋ
ds

=
dẋ
dt

dt
ds

=

(
d
dt
x′

s′

)
· 1
s′

=

(
dx′

dt
· 1
s′
− x′

1
s′2

ds′

dt

)
· 1
s′

=
x′′

s′2
− x′

s′3
s′′ (121)

...
x =

dẍ
ds

=
dẍ
dt

dt
ds

=
d
dt

(
x′′

s′2
− x′

s′3
s′′
)
· 1
s′

(122)

=

(
dx′′

dt
1
s′2

− 2x′′
1
s′3

ds′

dt
− dx′

dt
s′′

s′3
+ 3x′

1
s′4

ds′

dt
s′′ − x′

s′3
ds′′

dt

)
1
s′

(123)

= x′′′
1
s′3

− 2x′′
1
s′4

s′′ − x′′
s′′

s′4
+ 3x′

1
s′5

s′′2 − x′
1
s′4

s′′′ (124)

=
1
s′3
x′′′ − 3

s′′

s′4
x′′ +

(
3
s′′2

s′5
− s′′′

s′4

)
x′ (125)

So using the rules of calculus of determinants:

|ẋ ẍ
...
x | =

∣∣∣∣ 1s′ x′ 1
s′2
x′′ − Ax′

1
s′3
x′′′ − Bx′′ + Cx′

∣∣∣∣ (126)

=

∣∣∣∣ 1s′ x′ 1
s′2
x′′

1
s′3
x′′′ − Bx′′ + Cx′

∣∣∣∣ (127)

=

∣∣∣∣ 1s′ x′ 1
s′2
x′′

1
s′3
x′′′ − Bx′′

∣∣∣∣ (128)

=

∣∣∣∣ 1s′ x′ 1
s′2
x′′

1
s′3
x′′′
∣∣∣∣ = 1

s′6
|x′ x′′ x′′′| = |x′ x′′ x′′′|

(x′ · x′)3
(129)

Also

1
ẍ · ẍ

(12.3)
=

1
κ2

(12.7)
=

(x′ · x′)3

(x′ · x′)(x′′ · x′′)− (x′ · x′′)2
(130)
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so that

τ =
|ẋ ẍ

...
x |

ẍ · ẍ
=

|x′ x′′ x′′′|
(x′ · x′)(x′′ · x′′)− (x′ · x′′)2

(131)

Compute the components of (14.4):� 14.2

x = (t, 12 t
2, 16 t

3) (132)

x′ = (1, t, 12 t
2); x′′ = (0, 1, t); x′′′ = (0, 0, 1) (133)

|x′ x′′ x′′′| =

∣∣∣∣∣∣
1 0 0
t 1 0

1
2 t

2 t 1

∣∣∣∣∣∣ = 1 ·
∣∣∣∣1 0
t 1

∣∣∣∣ = 1 (134)

x′ × x′′ =

 1
t

1
2 t

2

×

01
t

 =

 t2 − 1
2 t

2

−(t− 0)
1− 0

 =

 1
2 t

2

−t
1

 (135)

(x′ × x′′) · (x′ × x′′) = ( 12 t
2)2 + (−t)2 + 1 = 1

4 t
4 + t2 + 1 = (1+ 1

2 t
2)2 (136)

So

τ =
|x′ x′′ x′′′|

(x′ · x)(x′′ · x′′)− (x′ · x′′)2
=

1

(1+ 1
2 t

2)2
(137)

§15 Formulae of Frenet.

Write the vectors of the trihedron as:� 15.1

a0 = t; a1 = p; a2 = b (138)

so that the equations of Frenet can be written as

ȧi = +j cijaj (139)

Now, since t, p, b are mutually orthogonal

∀i, j : ai · aj = δij (140)

Differentiating:

d
ds
ai · aj =

d
ds

⇒ ȧi · aj + ai · ȧj = 0 ⇒ ȧi · aj = −ai · ȧj (141)

Substituting the Frenet equations:

ȧi · ak = (+j cijaj) · ak = +j cij aj · ak = +j cijδjk = cik (142)

so

ȧi = aj = −ai · ȧj ⇒ cij = −cji (143)

so C = [ij cij] is skew-symmetric. Therefore, from ṫ = κp, ḃ = −τp:

C =

0 κ 0

0 −τ 0

⇒

 0 κ 0
−κ 0 τ
0 −τ 0

 (144)
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§16 Motion of the Trihedron. Vector of Darboux.

The vector of Darboux has constant direction iff it is linearly dependent on its derivative:� 16.1

d× ḋ = 0 (145)

Evaluate the derivative:

ḋ =
d
ds
(τ t+ κb) =

d
ds
τ t+

d
ds
κb (146)

= τ̇ t+ τ ṫ+ κ̇b+ κḃ = τ̇ t+ τκp+ κ̇b− κτp (147)

= τ̇ t+ κ̇b (148)

So then

d× ḋ = (τ t+ κb)× (τ̇ t+ κ̇b) (149)

= τ t× (τ̇ t× κ̇b) + κb× (τ̇ t+ κ̇b) (150)

= τ t× κ̇b+ κb× τ̇ t (151)

Since b = t× p:

b× t = (t× p)× t
(5.12)
= (t · t)p− (p · t)t = 1 · p− 0 · t = p (152)

so

d× ḋ = (κτ̇ − κ̇τ)p (153)

so that when these are linearly dependent κτ̇ − κ̇τ = 0 . Now since

d
ds

τ

κ
= τ̇

1
κ
− τ

1
κ2

κ̇ =
1
κ2

(τ̇κ− τ κ̇) (154)

this can be written as

κ2
d
ds

τ

κ
= 0 (155)

which by Theorem 15.1 are the general helices.

§17 Spherical Images of a Curve.

If t is constant then� 17.1

x(s) = x(0) +
∫ s

0
ẋ(s) ds = x(0) +

∫ s

0
t ds = x(0) + st (156)

which is a straight line. If b is constant then

ḃ = 0
(Frenet)⇒ −τp = 0 ⇒ τ = 0 ∨ p = 0 (157)

In the first case the curve is planar. In the second case:

p = 0 ⇒ ṫ = κp = 0 (158)
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so t is constant, which again implies a straight line and a planar curve. If a spherical image is a closed
curve, the corresponding generating vector t, p, b is periodic.

From Exercise 12.2:� 17.2

t = ẋ = (−rω sinωs, rω cosωs, ωc) (159)

p = ρẍ =
1
rω2 (−rω2 cosωs, rω2 sinωs, 0) = (− cosωs, − sinωs, 0) (160)

b = t× p =

−rω sinωs
rω cosωs

ωc

×

− cosωs
− sinωs

0

 =

 ωc sinωs
−ωc cosωs

rω sin2 ωs+ rω cos2 ωs

 (161)

= (−ωc sinωs, −ωc cosωs, rω) (162)

§18 Shape of a Curve in the Neighborhood of Any of Its Points.

Given any curve represented in a coordinate system as (18.3). Then in a sufficiently small neighborhood� 18.1
of x(0), the length h of the chord from x(0) to x(s) is:

h =
√

x0(s)2 + x1(s)2 + x2(s)2 (163)

=

√(
s−

κ20
3!

s3 + o(s3)
)2

+

(
1
2κ0s

2 +
1
3!
κ̇0s3 + o(s3)

)2

+
(κ0τ0

3!
s3 + o(s3)

)2
(164)

=

√
s2 − 1

3κ
2
0s
4 +

κ40
36

s6 + 1
4κ

2
0s
4 + 1

6κ0κ̇0s
5 + 1

36 κ̇0
2s6 +

κ20τ
2
0

36
s6 + o(s6) (165)

=
√

s2 − 1
12κ

2
0s
4 + o(s5) (166)

=

√
s2 − 2s

(
1
24κ

2
0s
3
)
+
(

1
24κ0s

3
)2

+ o(s5) (167)

=

√(
s− 1

24κ
2
0s
3
)2

+ o(s5) = s− 1
24κ

2
0s
3 + o(s?) (168)

so the difference between the lengths of the arc and the chord is approximately∣∣s− (s− 1
24κ

2
0s
3)∣∣ = 1

24κ
2
0|s3| (169)

§19 Contact, Osculating Sphere.

Given the sphere x2 + y2 + z2 − r2 = 0 and curve x(s) = (s, r, 0) we have:� 19.1

p(s) = G(x(s)) = s2 + r2 + 02 − r2 = s2 (170)

The point of contact follows from:

p(s) = 0 ⇒ s2 = 0 ⇒ s = 0 (171)

At this point:

dp(s)
ds

∣∣∣
s=0

=
ds2

ds

∣∣∣
s=0

= 2s|s=0 = 0 (172)
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d2p(s)
ds2

∣∣∣
s=0

=
d2s
ds

∣∣∣
s=0

= 2 ̸= 0 (173)

so there is a point of contact of order 1 at (0, r, 0).

Given a plane defined by its normal and displacement we have� 19.2

G(x) = n · x+ d ⇒ p(s) = G(x(s)) = n · x(s) + d (174)

The points of contact are given by

order0 : n · x(s0) + d = 0 (175)

order1 :
dp(s)
ds

∣∣∣
s=s0

= n · ẋ(s0) = 0 (176)

order2 :
d2p(s)
ds2

∣∣∣
s=s0

= n · ẍ(s0) = 0 (177)

Therefore n⊥ ẋ(s0), ẍ(s0), that is, if ẋ(s0) and ẍ(s0) are linearly independent then

∃λ ∈ R : n = λẋ(s0)× ẍ(s0) (178)

So a plane with normal n having contact of order 2 with a curve, that plane is spawned by ẋ and ẍ, that
is, the osculating plane at ẋ(s0).

From (19.2), for the center m of the osculating sphere to be constant:� 19.3

ṁ = 0 ⇒ d
ds

(
x+ ρp+

ρ̇

τ
b
)

(179)

= ẋ+ ρ̇p+ ρṗ+
d
ds

ρ̇

τ
b− ρ̇

τ
ḃ (180)

(Frenet)
= t+ ρ̇p+ ρ(−κt+ τb) +

d
ds

ρ̇

τ
b− ρ̇

τ
τp (181)

= t+ ρ̇p− t+ ρτb+
d
ds

ρ̇

τ
b− ρ̇p (182)

=

(
ρτ +

d
ds

ρ̇

τ

)
b = 0 ⇒ ρτ +

d
ds

ρ̇

τ
= 0 (183)

Now it so happens that from (19.13) concerning the radius of the osculating sphere:

rS =

√
ρ2 +

(
ρ̇

τ

)2

⇒ r2S = ρ2 +

(
ρ̇

τ

)2

⇒ (184)

dr2S
ds

=
d
ds

(
ρ2 +

(
ρ̇

τ

)2
)

= 2ρρ̇+ 2
(
ρ̇

τ

)
d
ds

ρ̇

τ
= 2

ρ̇

τ

(
ρτ +

d
ds

ρ̇

τ

)
= 2

ρ̇

τ
· 0 = 0 (185)

So since both the center and the radius of the osculating sphere are constant over the curve, that is, the
osculating spheres coincide: the curve lies on a sphere.

§21 Examples of Curves and Their Natural Equations.

We seek an expression of curvature in terms of the 'tangent angle':� 21.1

α =

∫
dα =

∫
dα
ds

ds
(21.1)
=

∫
κ ds =

∫
1
ρ
ds =

∫
1
ρ

ds
dρ

dρ (186)
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Since ρ = as+ b ⇒ dρ
ds = a:

α =

∫ ρ

ρ0

1
ρ

1
a
dρ =

1
a

∫ ρ

ρ0

1
ρ
dρ =

1
a
[ln ρ]ρρ0 =

1
a
ln

ρ

ρ0
(187)

⇒ eα = e−a ρ

ρ0
⇒ ρ = ρ0eaα (188)

Now

dx
dα

=
dx
ds

ds
dα

= cosα · ρ; dy
dα

=
dy
ds

ds
dα

= sinα · ρ (189)

Treating the point as lying in the complex plane we can combine these as:

dz
dα

=
dx+ jdy

dα
=

dx
dα

+ j
dy
dα

= ρ(cosα+ j sinα) = ρejα = ρ0eaαejα = ρ0e(a+j)α (190)

and integrating we therefore have

z =
∫

dz =
∫

dz
dα

dα =

∫
ρ0e(a+j)α dα (191)

=

[
ρ0

a+ j
e(a+j)α

]
=

ρ0(a− j)
(a+ j)(a− j)

e(a+j)α =
a− j
a2 + 1

ρ0e(a+j)α (192)

Now

|z|2 = zz∗ =
(a− j)(a+ j)
(a2 + 1)2

ρ20e
(a+j)α+(a−j)α =

1
a2 + 1

ρ20e
2aα (193)

so the radius can be calculated as:

r = |z| = 1√
a2 + 1

ρ0eaα (194)

which is the expression of a logarithmic spiral (cf., for example, Wikipedia).

Let x1 be the parameter t on the curve, so� 21.2

x2
c
− cosh

t
c
= 0 ⇒ x2 = c cosh

t
c

(195)

Then, computing terms of the expression (12.7) of curvature:

x′ = (1, c sinh
t
c
· 1
c
, 0) = (1, sinh

t
c
, 0) (196)

x′ · x′ = 12 + sinh2
t
c
= 1+

(
cosh2

t
c
− 1
)
= cosh2

t
c

(197)

x′′ = (0,
1
c
cosh

t
c
, 0) (198)

x′′ · x′′ = 1
c2
cosh2

t
c

(199)

x′ · x′′ = 1 · 0+ 1
c
sinh

t
c
cosh

t
c

(200)
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so that

κ =

√
cosh2 t

c ·
1
c2 cosh

2 t
c −

(
1
c sinh

t
c cosh

t
c

)2(
cosh2 t

c

)3/2 =

√
1
c2 cosh

4 t
c −

1
c2 sinh

2 t
c cosh

2 t
c

cosh3 t
c

(201)

=

√
1
c2

(
cosh4 t

c −
(
cosh2 t

c − 1
)
cosh2 t

c

)
cosh3 t

c

=
1
c

√
cosh4 t

c − cosh4 t
c + cosh2 t

c

cosh3 t
c

(202)

=
1
c

√
cosh2 t

c

cosh3 t
c

=
1
c
cosh t

c

cosh3 t
c

=
1
c
cosh−2 t

c
(203)

or

ρ = c cosh2
t
c

(204)

Now

s =
∫

ds =
∫ √

x′ · x′ dt =
∫ √

cosh2
t
c
dt =

∫
cosh

t
c
dt = c sinh

t
c

(205)

so

s2 = c2 sinh2
t
c
= c2

(
cosh2

t
c
− 1
)
⇒ s2

c2
= cosh2

t
c
− 1 ⇒ cosh2

t
c
=

s2

c2
+ 1 (206)

and

ρ = c
(
s2

c2
+ 1
)

=
1
c
s2 + c (207)

§25 Further Remarks on the Representation of Surfaces; Examples.

The representation x(u1, u2) = (0, u1, u2) is the yz-plane with� 25.1

J =

∂x1/∂u1 ∂x1/∂u2

∂x2/∂u1 ∂x2/∂u2

∂x3/∂u1 ∂x3/∂u2

 =

0 0
1 0
0 1

 (208)

which has a nonvanishing determinant of order 2 and is thus itself of rank 2.

x(u1, u2) = (u1 + u2, u1 + u2, u1) is a plane intersecting the z-axis and the line x = y in the xy-plane.

J =

1 1
1 1
1 0

 (209)

is also of rank 2.

x(u1, u2) = (r cos u1, r sin u1, u2) is a cylinder of radius r about the z-axis, with

J =

−r sin u1 0
+r cos u1 0

0 1

 (210)
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always has either∣∣∣∣r cos u1 0
0 1

∣∣∣∣ = r cos u1 ̸= 0 ∨
∣∣∣∣−r sin u1 0

0 1

∣∣∣∣ = −r sin u1 ̸= 0 (211)

and is thus also of rank 2.

The Jacobian of the curve c = (h1(s), h2(s), x3)� 25.2

J =

∂c1/∂s ∂c1/∂x3

∂c2/∂s ∂c2/∂x3

∂c3/∂s ∂c3/∂x3

 =

h′1 0
h′2 0
0 1

 (212)

is of rank 2 as long as either h′1 ̸= 0 or h′2 ̸= 0, i.e., the curve is nowhere locally tangent to the z-axis.

Eliminate coordinates from the parametric equations:� 25.3 
x = a cos u2 cos u1

y = b cos u2 sin u1

z = c sin u2
⇒


x2 = a2 cos2 u2 cos2 u1

y2 = b2 cos2 u2 sin2 u1

z2 = c2 sin2 u2
⇒ a,b,c ̸=0

=


x2/a2 = cos2 u2 cos2 u1

y2/b2 = cos2 u2 sin2 u1

z2/c2 = sin2 u2
(213)

so then

x2

a2
+

y2

b2
= cos2 u2(cos2 u1 + sin2 u1) = cos2 u2 (214)

⇒ x2

a2
+

y2

b2
+

z2

c2
= cos2 u2 + sin2 u2 = 1 (215)

⇒ x2

a2
+

y2

b2
+

z2

c2
− 1 = 0 (216)


x = au1 cos u2

y = bu1 sin u2

z = (u1)2
⇒


x2 = a2(u1)2 cos2 u2

y2 = b2(u1)2 sin2 u2

z = (u1)2
⇒


x2/a2 = (u1)2 cos2 u2

y2/b2 = (u1)2 sin2 u2

z = (u1)2
(217)

so

x2

a2
+

y2

b2
= (u1)2

(
cos2 u2 + sin2 u2

)
⇒ x2

a2
+

y2

b2
− z = 0 (218)


x = au1 cosh u2

y = bu1 sinh u2

z = (u1)2
⇒


x2 = a2(u1)2 cosh2 u2

y2 = b2(u1)2 sinh2 u2

z = (u1)2
⇒


x2/a2 = (u1)2 cosh2 u2

y2/b2 = (u1)2 sinh2 u2

z = (u1)2
(219)

so

x2

a2
− y2

b2
= (u1)2(cosh2 u1 − sinh2 u2) = (u1)2 ⇒ x2

a2
− y2

b2
− z = 0 (220)


x = a sinh u1 cos u2

y = b sinh u1 sin u2

z = c cosh u1
⇒


x2 = a2 sinh2 u1 cos2 u2

y2 = b2 sinh2 u1 sin2 u2

z2 = c2 cosh2 u1
⇒


x2/a2 = sinh2 u1 cos2 u2

y2/b2 = sinh2 u1 sin2 u2

z2/c2 = cosh2 u1
(221)

so

x2

a2
+

y2

b2
− z2

c2
= sinh2 u1 − cosh2 u1 = −1 ⇒ x2

a2
+

y2

b2
− z2

c2
+ 1 = 0 (222)
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§27First Fundamental Form. Concept ofRiemannianGeometry. Sum-
mation Convention.

From:� 27.1

x(ur, uθ) = (r cos θ, r sin θ, 0) (223)

xr =
∂x
∂r

= (cos θ, sin θ, 0); xθ =
∂x
∂θ

= (−r sin θ, r cos θ, 0) (224)

grr = cos2 θ + sin2 θ = 1 (225)

gθθ = r2 sin2 θ + r2 cos2 θ = r2 (226)

grθ = gθr = −r sin θ cos θ + r sin θ cos θ = 0 (227)

so

(ds)2 = gαβdu
αduβ = (dr)2 + r2(dθ)2 (228)

From:� 27.2

x(u1, u2) = (h1(u1), h2(u1), u2) (229)

x1 =
∂x
∂u1

= (h′1(u
1), h′2(u

1), 0); x2 =
∂x
∂u2

= (0, 0, 1) (230)

g11 = h′21 (u
1) + h′22 (u

1) (231)

g22 = 1 (232)

g12 = g21 = 0 (233)

(ds)2 = gαβdu
αduβ =

(
h′21 (u

1) + h′22 (u
1)
)
(du1)2 + (du2)2 (234)

Revolve a point about the x3-axis by setting h1(u1) = r cos u1 and h2(u1) = r sin u1, so:

h′1(u
1) = −r sin u1; h′2(u

1) = r cos u1 (235)

⇒ h′21 (u
1) + h′22 (u

1) = r2 sin2 u1 + r2 cos2 u1 = r2 (236)

and

(ds)2 = r2(du1)2 + (du2)2 (237)

So x1,2 are the parameters on the surface (x1, x2,F(x1, x2)):� 27.3

x1 =
∂x
∂x1

= (1, 0,
∂F
∂x1

); x2 =
∂x
∂x2

= (0, 1,
∂F
∂x2

) (238)

g11 = 1+
(
∂F
∂x1

)2

= 1+ F21 (239)

g22 = 1+
(
∂F
∂x2

)2

= 1+ F22 (240)

g12 = g21 =
∂F
∂x1

∂F
∂x2

= F1F2 (241)



18

so

(ds)2 = gαβdx
αdxβ = (1+ F21)(dx

1)2 + 2F1F2dx1dx2 + (1+ F22)(dx
2)2 (242)

or

(ds)2 =

(
1+

(
∂x3

∂x1

)2
)
(dx1)2 + 2

∂x3

∂x1
∂x3

∂x2
dx1dx2 +

(
1+

(
∂x3

∂x2

)2
)
(dx2)2 (243)

Question: Why does the book continue to use subscripts for xα instead of superscripts like uα?

From the expression of Cartesian coordinates:� 27.4

x = (x1, x2, x3) (244)

xα =
∂x
∂xα

= (i δiα) (245)

gαβ = +i δiαδiβ = δαβ (246)

(ds)2 = +α +β gαβ dxαdxβ = +α +β δαβ dxαdxβ = +α(dxα)2 = (dx1)2 + (dx2)2 + (dx3)2 (247)

For spherical coordinates:

x = (r cos θ cosϕ, r cos θ sinϕ, r sin θ) (248)

xθ =
∂x
∂θ

= (−r sin θ cosϕ,−r sin θ sinϕ, r cos θ) (249)

xϕ =
∂x
∂ϕ

= (−r cos θ sinϕ, r cos θ cosϕ, 0) (250)

xr =
∂x
∂r

= (cos θ cosϕ, cos θ sinϕ, sin θ) (251)

gθθ = r2 sin2 θ cos2 ϕ+ r2 sin2 θ sin2 ϕ+ r2 cos2 θ = r2 sin2 θ + r2 cos2 θ = r2 (252)

gϕϕ = r2 cos2 θ sin2 ϕ+ r2 cos2 θ cos2 ϕ = r2 cos2 θ (253)

grr = cos2 θ cos2 ϕ+ cos2 θ sin2 ϕ+ sin2 θ = cos2 θ + sin2 θ = 1 (254)

gθϕ = gϕθ = r2 sin θ cos θ sinϕ cosϕ− r2 sin θ cos θ sinϕ cosϕ = 0 (255)

gθr = grθ = −r sin θ cos θ cos2 ϕ− r sin θ cos θ sin2 ϕ+ r sin θ cos θ (256)

= −r sin θ cos θ + r sin θ cos θ = 0 (257)

gϕr = grϕ = −r cos2 θ sinϕ cosϕ+ r cos2 θ sinϕ cosϕ = 0 (258)

(ds)2 = +α,β gαβ dxαdxβ = r2(dθ)2 + r2 cos2 θ(dϕ)2 + (dr)2 (259)

§28 Properties of the First Fundamental Form.

Prove that the first fundamental form is positive definite by developing:△ 28.1



19

g11 =
∂x
∂u1

· ∂x
∂u1

=

∂x1/∂u1∂x2/∂u1

∂x3/∂u1

 ·

∂x1/∂u1∂x2/∂u1

∂x3/∂u1

 =

(
∂x1
∂u1

)2

+

(
∂x2
∂u1

)2

+

(
∂x3
∂u1

)2

(260)

g22 =
∂x
∂u2

· ∂x
∂u2

=

∂x1/∂u2∂x2/∂u2

∂x3/∂u2

 ·

∂x1/∂u2∂x2/∂u2

∂x3/∂u2

 =

(
∂x1
∂u2

)2

+

(
∂x2
∂u2

)2

+

(
∂x3
∂u2

)2

(261)

g12 = g21 =
∂x
∂u1

· ∂x
∂u2

=

∂x1/∂u1∂x2/∂u1

∂x3/∂u1

 ·

∂x1/∂u2∂x2/∂u2

∂x3/∂u2

 =
∂x1
∂u1

∂x1
∂u2

+
∂x2
∂u1

∂x2
∂u2

+
∂x3
∂u1

∂x3
∂u2

(262)

Then

g11g22 − g12g21 =

((
∂x1
∂u1

)2

+

(
∂x2
∂u1

)2

+

(
∂x3
∂u1

)2
)

·

((
∂x1
∂u2

)2

+

(
∂x2
∂u2

)2

+

(
∂x3
∂u2

)2
)

(263)

−
(
∂x1
∂u1

∂x1
∂u2

+
∂x2
∂u1

∂x2
∂u2

+
∂x3
∂u1

∂x3
∂u2

)
·
(
∂x1
∂u2

∂x1
∂u1

+
∂x2
∂u2

∂x2
∂u1

+
∂x3
∂u2

∂x3
∂u1

)
(264)

=

(
∂x1
∂u1

)2(
∂x1
∂u2

)2

+

(
∂x1
∂u1

)2(
∂x2
∂u2

)2

+

(
∂x1
∂u1

)2(
∂x3
∂u2

)2

(265)

+

(
∂x2
∂u1

)2(
∂x1
∂u2

)2

+

(
∂x2
∂u1

)2(
∂x2
∂u2

)2

+

(
∂x2
∂u1

)2(
∂x3
∂u2

)2

(266)

+

(
∂x3
∂u1

)2(
∂x1
∂u2

)2

+

(
∂x3
∂u1

)2(
∂x2
∂u2

)2

+

(
∂x3
∂u1

)2(
∂x3
∂u2

)2

(267)

− ∂x1
∂u1

∂x1
∂u2

· ∂x1
∂u1

∂x1
∂u2

− ∂x1
∂u1

∂x1
∂u2

· ∂x2
∂u1

∂x2
∂u2

− ∂x1
∂u1

∂x1
∂u2

· ∂x3
∂u1

∂x3
∂u2

(268)

− ∂x2
∂u1

∂x2
∂u2

· ∂x1
∂u1

∂x1
∂u2

− ∂x2
∂u1

∂x2
∂u2

· ∂x2
∂u1

∂x2
∂u2

− ∂x2
∂u1

∂x2
∂u2

· ∂x3
∂u1

∂x3
∂u2

(269)

− ∂x3
∂u1

∂x3
∂u2

· ∂x1
∂u1

∂x1
∂u2

− ∂x3
∂u1

∂x3
∂u2

· ∂x2
∂u1

∂x2
∂u2

− ∂x3
∂u1

∂x3
∂u2

· ∂x3
∂u1

∂x3
∂u2

(270)

=

(
∂x1
∂u1

∂x2
∂u2

− ∂x2
∂u1

∂x1
∂u2

)2

+

(
∂x1
∂u1

∂x3
∂u2

− ∂x3
∂u1

∂x1
∂u2

)2

+

(
∂x2
∂u1

∂x3
∂u2

− ∂x3
∂u1

∂x2
∂u2

)2

(271)

which is the sum of the squares of the three subdeterminants of the Jacobian. Since J is of rank 2, at least
one of these must be nonzero, so this sum is positive and g11g22 − g12g21 > 0.

Develop the expression of the discriminant:△ 28.2

ḡ = ḡ11ḡ22 − ḡ12ḡ21 (272)

=
∂uα

∂ū1
∂uβ

∂ū1
gαβ

∂uµ

∂ū2
∂uν

∂ū2
gµν − ∂uα

∂ū1
∂uβ

∂ū2
gαβ

∂uµ

∂ū2
∂uν

∂ū1
gµν (273)

=
∂uα

∂ū1
∂uβ

∂ū1
∂uµ

∂ū2
∂uν

∂ū2
gαβgµν − ∂uα

∂ū1
∂uβ

∂ū2
∂uµ

∂ū2
∂uν

∂ū1
gαβgµν (274)

=

(
∂uα

∂ū1
∂uβ

∂ū1
∂uµ

∂ū2
∂uν

∂ū2
− ∂uα

∂ū1
∂uβ

∂ū2
∂uµ

∂ū2
∂uν

∂ū1

)
gαβgµν (275)

=
∂uα

∂ū1
∂uµ

∂ū2

(
∂uβ

∂ū1
∂uν

∂ū2
− ∂uβ

∂ū2
∂uν

∂ū1

)
gαβgµν (276)
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The parenthesized expression vanishes if β = ν, so

=
∂uα

∂ū1
∂uµ

∂ū2

[(
∂u1

∂ū1
∂u2

∂ū2
− ∂u1

∂ū2
∂u2

∂ū1

)
gα1gµ2 +

(
∂u2

∂ū1
∂u1

∂ū2
− ∂u2

∂ū2
∂u1

∂ū1

)
gα2gµ1

]
(277)

=
∂uα

∂ū1
∂uµ

∂ū2

[(
∂u1

∂ū1
∂u2

∂ū2
− ∂u1

∂ū2
∂u2

∂ū1

)
gα1gµ2 −

(
∂u1

∂ū1
∂u2

∂ū2
− ∂u1

∂ū2
∂u2

∂ū1

)
gα2gµ1

]
(278)

=
∂uα

∂ū1
∂uµ

∂ū2

(
∂u1

∂ū1
∂u2

∂ū2
− ∂u1

∂ū2
∂u2

∂ū1

)
(gα1gµ2 − gα2gµ1) (279)

The rightmost parenthesized expression vanishes if α = µ, so

=

(
∂u1

∂ū1
∂u2

∂ū2
− ∂u1

∂ū2
∂u2

∂ū1

)[
∂u1

∂ū1
∂u2

∂ū2
(g11g22 − g12g21) +

∂u2

∂ū1
∂u1

∂ū2
(g21g12 − g22g11)

]
(280)

=

(
∂u1

∂ū1
∂u2

∂ū2
− ∂u1

∂ū2
∂u2

∂ū1

)(
∂u1

∂ū1
∂u2

∂ū2
− ∂u2

∂ū1
∂u1

∂ū2

)
(g11g22 − g12g21) (281)

=

(
∂(u1, u2)
∂(ū1, ū2)

)2

(g11g22 − g12g21). (282)

A different local parametric representation than the one given in the Answers:� 28.1

x = (r(z) cosϕ, r(z) sinϕ, z) (283)

is allowable everywhere except where dr/dz = ∞.

xϕ = (−r(z) sinϕ, r(z) cosϕ, 0) (284)

xz = (r′(z) cosϕ, r′(z) sinϕ, 1) (285)

So the components of the metric tensor:

gϕϕ = xϕ · xϕ = r2(z) sin2 ϕ+ r2(z) cos2 ϕ = r2(z) (286)

gzz = xz · xz = r′2(z) cos2 ϕ+ r′2(z) sin2 ϕ+ 1 = r′2(z) + 1 (287)

gzϕ = gϕz = xϕ · xz = −r2(z) sinϕ cosϕ+ r2(z) sinϕ cosϕ = 0 (288)

and

(ds)2 = r2(z)(dϕ)2 +
(
r′2(z) + 1

)
(dz)2 (289)

Again, a different local parametric representation:� 28.2

x = (r cosϕ(z), r sinϕ(z), z) (290)

is allowable everywhere except where dϕ/dz = ∞.

xr = (cosϕ(z), sinϕ(z), 0) (291)

xz = (−r sinϕ(z) · ϕ′(z), r cosϕ(z) · ϕ′(z), 1) (292)

So the components of the metric tensor:

gr = cos2 ϕ(z) + sin2 ϕ(z) (293)

gzz = r2 sin2 ϕ(z) · ϕ′2(z) + r2 cos2 ϕ(z) · ϕ′2(z) + 1 = r2ϕ′2(z) + 1 (294)

grz = gzr = −r sinϕ(z) cosϕ(z) · ϕ′(z) + r sinϕ(z) cosϕ(z) · ϕ′(z) = 0 (295)
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and

(ds)2 = (dr)2 +
(
r2ϕ′2(z) + 1

)
(dz)2 (296)

By straightforward expansion of� 28.3

ḡ
g
=

(
∂(u1, u2)
∂(ū1, ū2)

)2

=

∣∣∣∣∂u1/∂ū1 ∂u1/∂ū2

∂u2/∂ū1 ∂u2/∂ū2

∣∣∣∣2 (297)

we get

¯̄g
g
=

ḡ
g
·
¯̄g
ḡ

(298)

=

∣∣∣∣∂u1/∂ū1 ∂u1/∂ū2

∂u2/∂ū1 ∂u2/∂ū2

∣∣∣∣2 · ∣∣∣∣∂ū1/∂¯̄u1 ∂ū1/∂¯̄u2

∂ū2/∂¯̄u1 ∂ū2/∂¯̄u2

∣∣∣∣2 (299)

=

(∣∣∣∣∂u1/∂ū1 ∂u1/∂ū2

∂u2/∂ū1 ∂u2/∂ū2

∣∣∣∣ · ∣∣∣∣∂ū1/∂¯̄u1 ∂ū1/∂¯̄u2

∂ū2/∂¯̄u1 ∂ū2/∂¯̄u

∣∣∣∣)2

(300)

=

(∣∣∣∣∂u1/∂ūα · ∂ūα/∂¯̄u1 ∂u1/∂ūα · ∂ūα/∂¯̄u2
∂u2/∂ūα · ∂ūα/∂¯̄u1 ∂u2/∂ūα · ∂ūα/∂¯̄u2

∣∣∣∣)2

(301)

=

∣∣∣∣∂u1/∂¯̄u1 ∂u1/∂¯̄u2

∂u2/∂¯̄u1 ∂u2/∂¯̄u2

∣∣∣∣2 = (∂(u1, u2)
∂(¯̄u1, ¯̄u2)

)2

. (302)

This follows from the expansion of:� 28.4

DD̄ =
∂(u1, u2)
∂(ū1, ū2)

· ∂(ū
1, ū2)

∂(u1, u2)
(303)

=

∣∣∣∣∂u1/∂ū1 ∂u1/∂ū2

∂u2/∂ū1 ∂u2/∂ū2

∣∣∣∣ · ∣∣∣∣∂ū1/∂u1 ∂ū1/∂u2

∂ū2/∂u1 ∂ū2/∂u2

∣∣∣∣ (304)

=

∣∣∣∣∂u1/∂ūα · ∂ūα/∂u1 ∂u1/∂ūα · ∂uα/∂ū2
∂u2/∂ūα · ∂ūα/∂u1 ∂u2/∂ūα · ∂ūα/∂u2

∣∣∣∣ (305)

=

∣∣∣∣∂u1/∂u1 ∂u1/∂u2

∂u2/∂u1 ∂u2/∂u2

∣∣∣∣ = ∣∣∣∣1 0
0 1

∣∣∣∣ = 1. (306)

Unsolved.� 28.5

§31 Basic rules of tensor calculus.

Pair terms between upper and lower diagonals:� 31.1

aαβbαβ = +α +β aαβbαβ (307)

=
(
+α,β:α=β aαβbαβ

)
+
(
+α,β:α<β aαβbαβ + aβαbβα

)
(308)

=
(
+α,β:α=β aαβ · 0

)
+
(
+α,β:α<β aαβbαβ − aαβbαβ

)
(309)

= 0+ 0 = 0. (310)

From:� 31.2

¯̄Tλ1...λs
κ1...κr

=
∂ūγ1

∂¯̄uκ1
...
∂ūγr

∂¯̄uκr
· ∂

¯̄uλ1

∂ūη1
...
∂¯̄uλs

∂ūηs
T̄η1...ηs
γ1...γr

(311)
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T̄η1...ηs
γ1...γr

=
∂uα1

∂ūγ1
...
∂uαr

∂ūγr
· ∂ū

η1

∂uβ1
...
∂ūηs

∂uβs
T̄β1...βs
α1...αr

(312)

we obtain:

¯̄Tλ1...λs
κ1...κr

=
∂ūγ1

∂¯̄uκ1
...
∂ūγr

∂¯̄uκr
· ∂u

α1

∂ūγ1
...
∂uαr

∂ūγr
· ∂

¯̄uλ1

∂ūη1
...
∂¯̄uλs

∂ūηs
· ∂ū

η1

∂uβ1
...
∂ūηs

∂uβs
Tβ1...βs
α1...αr

(313)

=
∂uα1

∂¯̄uκ1
...
∂uαr

∂¯̄uκr
· ∂

¯̄uλ1

∂uβ1
...
∂¯̄uλs

∂uβs
Tβ1...βs
α1...αr

. (314)

§33 Special tensors.

By (33.2), ϵµν = ϵαβgµαgνβ so:� 33.1

gµσϵ
µν = ϵαβgµαgνβgµσ = ϵαβgνβδασ = ϵσβgνβ (315)

gµσgντ ϵ
µν = ϵσβgνβgντ = ϵσβδ

β
τ = ϵστ (316)

so then

ϵ00 = ϵαβg0αg0β = ϵ01g00g01 + ϵ10g01g00 = ϵ01g00g01 − ϵ01g01g00 = 0 (317)

ϵ11 = ϵαβg1αg1β = ϵ01g10g11 + ϵ10g11g10 = ϵ01g10g11 − ϵ01g11g10 = 0 (318)

ϵ01 = ϵαβg0αg1β = ϵ01g00g11 + ϵ10g01g10 =
1
√
g
g00g11 −

1
√
g
g01g10 =

1
√
g

∣∣∣∣g00 g10
g01 g11

∣∣∣∣ = 1
√
g
g =

√
g

(319)

ϵ10 = ϵαβg1αg0β = ... = −√
g (320)

(321)

From (33.4), ϵαβϵβγ = δαβ . With the result of Exercise 1 ϵβγ = ϵµνgµβgνγ we have:� 33.2

ϵαγϵµνgµβgνγ = δαβ (322)

and

ϵαγϵµνgµβgνγg
βκ = δαβ g

βκ (323)

ϵαγϵµνδκµgνγ = δαβ g
βκ (324)

ϵαγϵκνgνγ = gακ. (325)

Simply: gβα = gαγ · gγβ = δβα.� 33.3

Expanding by terms:� 33.4

δβα = δ00 + δ11 = 1+ 1 = 2 (326)

δβαδ
α
β = δ00δ

0
0 + δ10δ

0
1 + δ01δ

1
0 + δ11δ

1
1 = 1+ 0+ 0+ 1 = 2 (327)

δβαδ
γ
βδ

α
γ = δ00δ

0
0δ

0
0 + ...+ δ11δ

1
1δ

1
1 = 1+ 0+ ...+ 0+ 1 = 2 (328)
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§37 Remarks on the definition of area.

Renaming coordinates in (25.4) we have:� 37.1

x(r, ϕ) = (r cosϕ, r sinϕ, ar) (329)

xr =
∂x
∂r

= (cosϕ, sinϕ, a) (330)

xϕ =
∂x
∂ϕ

= (−r sinϕ, r cosϕ, 0) (331)

grr = xr · xr = cos2 ϕ+ sin2 ϕ+ a2 = a2 + 1 (332)

gϕϕ = xϕ · xϕ = r2 sin2 ϕ+ r2 cos2 ϕ+ 0 = r2 (333)

gϕr = grϕ = xr · xϕ = −r sinϕ cosϕ+ r sinϕ cosϕ+ 0 = 0 (334)

so

g =
∣∣∣∣a2 + 1 0

0 r2

∣∣∣∣ = (a2 + 1)r2 (335)

and then

A =

2π∫
ϕ=0

B/a∫
r=0

√
g dr dϕ =

∫
ϕ

∫
r

√
(a2 + 1)r2 dr dϕ =

√
a2 + 1

∫
ϕ

B/a∫
r=0

r dr dϕ (336)

=
√

a2 + 1
∫
ϕ

[
1
2 r

2]B/a
0

dϕ =
√

a2 + 1
∫
ϕ

1
2 (B/a)

2 dϕ = 1
2

B2
√
a2 + 1
a2

2π∫
ϕ=0

dϕ (337)

= 1
2B

2

√
a2 + 1
a2

2π. (338)

From x2 = F(x0, x1) we obtain:� 37.2

x0 =
∂x
∂x0

=

(
1, 0,

∂F
∂x0

)
; x1 =

∂x
∂x1

=

(
0, 1,

∂F
∂x1

)
(339)

so

g00 = 1+
(
∂F
∂x0

)2

; g11 = 1+
(
∂F
∂x1

)2

; g10 = g01 =
∂F
∂x0

· ∂F
∂x1

(340)

and

g =
∣∣∣∣g00 g01
g10 g11

∣∣∣∣ (341)

=

(
1+

∂F
∂x0

)2

·
(
1+

∂F
∂x1

)2

−
(
∂F
∂x0

· ∂F
∂x1

)2

(342)

= 1+
(
∂F
∂x1

)2

+

(
∂F
∂x0

)2

+

(
∂F
∂x0

)2(
∂F
∂x1

)2

−
(
∂F
∂x0

· ∂F
∂x1

)2

(343)

= 1+
(
∂F
∂x0

)2

+

(
∂F
∂x1

)2

(344)
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so

dA =
√
g dx0 dx1 =

√
1+

(
∂F
∂x0

)2

+

(
∂F
∂x1

)2

dx0 dx1 (345)

Using the representation from Exercise 28.1:� 37.3

g =
∣∣∣∣gϕϕ gϕz
gzϕ gzz

∣∣∣∣ = ∣∣∣∣r2(z) 0
0 r′2(z) + 1

∣∣∣∣ = r2(z)
(
r′2(z) + 1

)
(346)

so the element of area is

dA =
√
g dϕ dz = r(z)

√
r′2(z) + 1 (347)

For a sphere of radius R, r(z) is expressed as follows:

R2 = z2 + r2 ⇒ r2 = R2 − z2 ⇒ r =
√

R2 − z2 (348)

so

r′(z) = 1
2

1√
R2 − z2

· −2z = − z√
R2 − z2

(349)

and

r′2(z) =
z2

R2 − z2
⇒ r′2(z) + 1 =

R2

R2 − z2
(350)

and

g = r2(z)
(
r′2(z) + 1

)
= (R2 − z2)

R2

R2 − z2
= R2 ⇒ √

g = R (351)

Integrating:

A =

∫∫
U

dA =

2π∫
ϕ=0

+R∫
z=−R

R dz dϕ = R
∫
ϕ

+R∫
z=−R

dz dϕ = R
∫
ϕ

[z]+R
−R dϕ (352)

= R

2π∫
ϕ=0

2R dϕ = 2R2

2π∫
ϕ=0

dϕ = 2R2 [ϕ]
2π
0 = 2R2 · 2π = 4πR2. (353)

§38 Second fundamental form.

tp

n

tp

n

tp

n
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In cos γ = p · n, p is a property of the curve and n is a property of the plane (see figures). With p = ẍ/κ
this can be written in terms of two different properties of the curve as κ cos γ = ẍ · n.

Defining bαβ = xαβ · n = −xα · nβ as properties of the surface alone, it is derived that

κ cos γ =
bαβ duα/dt duβ/dt
gαβ duα/dt duβ/dt

=
bαβduαduβ

gαβduαduβ
(354)

Apparently the duαduβ depend only on the direction of the unit tangent vector of the curve, therefore κ
depends only on properties of the surface and the directions of the unit tangent and the unit principal
normal of the curve.

By Exercise 38.8� 38.1

x0 =
∂x
∂x0

= [1 0 F0]; x1 =
∂x
∂x1

= [0 1 F1]; x2 =
∂x
∂x2

= [0 0 Fαβ ] (355)

where Fα = ∂F/∂xα and Fαβ = ∂2F/∂xα∂xβ . Then

|x0 x1 xαβ | =

∣∣∣∣∣∣
1 0 0
0 1 0
F0 F1 Fαβ

∣∣∣∣∣∣ = F0

∣∣∣∣0 0
1 0

∣∣∣∣− F1

∣∣∣∣1 0
0 0

∣∣∣∣+ Fαβ

∣∣∣∣1 0
0 1

∣∣∣∣ = Fαβ (356)

From Exercise 37.2, g = 1+ (F0)2 + (F1)2, so

bαβ =
Fαβ√

1+ (F0)2 + (F1)2
. (357)

Given an allowable transformation between uα and ũα:� 38.2

b̃αβ
(38.4)
= −x̃α · x̃β = − ∂x

∂ũα
· ∂n
∂ũβ

(358)

= − ∂x
∂uµ

∂uµ

∂ũα
· ∂n
∂uν

∂uν

∂ũβ
= − ∂x

∂uµ
· ∂n
∂uν

∂uµ

∂ũα
∂uν

∂ũβ
(359)

= −xµ · nν
∂uµ

∂ũα
∂uν

∂ũβ
= bµν

∂uµ

∂ũα
∂uν

∂ũβ
(360)

which is the transformation of a covariant tensor as in (30.3) or (30.5).

§39 Arbitrary and normal sections of a surface. Meusnier's theorem.
Asymptotic lines.

A cone of revolution can be represented as� 39.1

x =

αz sin θαz cos θ
0

 ; so that xθ =

−αz sin θ
αz cos θ

0

 , xz =

α cos θ
α sin θ

1

 (361)

So the components of the metric tensor are

gθθ = xθ · xθ = +α2z2 sin2 θ + α2z2 cos2 θ + 0 = α2z2 (362)

gzz = xz · xz = α2 cos2 θ + α2 sin2 θ + 1 = α2(cos2 θ + sin2 θ) + 1 = α2 + 1 (363)

gzθ = gθz =

−αz sin θ
αz cos θ

0

 ·

α cos θ
α sin θ

1

 = −α2z sin θ cos θ + α2z sin θ cos θ + 0 = 0 (364)
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Since

xθ × xz =

−αz sin θ
αz cos θ

0

×

α cos θ
α sin θ

1

 =

 αz cos θ
+αz sin θ

−αz sin θ · α sin θ − α cos θ αz cos θ

 (365)

=

 αz cos θ
αz sin θ

−α2z sin2 θ − α2z cos2 θ

 =

αz cos θαz sin θ
−α2z

 (366)

and

g =
∣∣∣∣α2z2 0
0 α2 + 1

∣∣∣∣ = α2z2(α2 + 1) ⇒ √
g =

√
α2z2(α2 + 1) = αz

√
α2 + 1 (367)

So by Equation 34.1:

n =
1

αz
√
α2 + 1

αz cos θαz sin θ
−α2z

 =
1√

α2 + 1

cos θsin θ
−α

 (368)

is independent of z. Since the generating lies of the cone are those with constant θ, all the points on a
generating line have tangent planes with identical mormal vector-- hence their normal planes coincide.

A cylinder of revolution can be represented as� 39.3

x =

r cos θr sin θ
z

 ; so that (369)

xθ =

−r sin θ
r cos θ
0

 , xz =

00
1

 ; and (370)

xθθ =

−r cos θ
−r sin θ

0

 , xzz = 0, xθz = xzθ = 0 (371)

so by Equation 38.2 bzz = 0, bθz = bzθ = 0. By (39.4) the differential equation of any asymptotic curves
are bθθ dθdθ = 0. Since by 38.8

bθθ =
1
√
g

∣∣xθ xz xθθ
∣∣ (372)

=
1
√
g
=

∣∣∣∣∣∣
−r sin θ 0 −r cos θ
r cos θ 0 −r sin θ
0 1 0

∣∣∣∣∣∣ = 1
√
g
· −1

∣∣∣∣−r sin θ −r cos θ
r cos θ −r sin θ

∣∣∣∣ (373)

= − 1
√
g

(
+r2 sin2 θ + r2 cos2 θ

)
= − 1

√
g
· r2 = − r2

√
g
̸= 0 (374)

the asymptotic curves must then have dθ = 0, so the lines with constant θ are the asymptotic curves.

§40 Elliptic, parabolic, and hyperbolic points of a surface.

Beginning again with a representation of a surface of revolution:� 40.1
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x(θ, r) = [r cos θ r sin θ z(r)] (375)

we derive first and second derivatives:

xθ = [−r sin θ r cos θ 0] ; xr = [cos θ sin θ z′(r)] (376)

xθθ = [−r cos θ − r sin θ 0] xrr = [0 0 z′′(r)] ; xrθ = xθr = [− sin θ cos θ 0] (377)

so then the components of the first fundamental form are:

gθθ = +r2 sin2 θ + r2 cos2 θ + 0 = r2 (378)

grr = cos2 θ + sin2 θ + z′2(r) = z′2(r) + 1 (379)

grθ = gθr = −r sin θ cos θ + r sin θ cos θ + 0 = 0 (380)

and

g =
∣∣
αβ gαβ

∣∣ = ∣∣∣∣r2 0
0 z′2(r) + 1

∣∣∣∣ = r2
(
z′2(r) + 1

)
(381)

Then the components of the second fundamental form are

bθθ =
1
√
g

∣∣∣∣∣∣
−r sin θ cos θ −r cos θ
r cos θ sin θ −r sin θ
0 z′(r) 0

∣∣∣∣∣∣ = z′(r)
√
g

=

∣∣∣∣−r sin θ −r cos θ
r cos θ −r sin θ

∣∣∣∣ (382)

= − z′(r)
√
g

(
+r2 sin2 θ + r2 cos2 θ

)
= − r2z′(r)

√
g

= − r2z′(r)

r
√

z′2(r) + 1
= − rz′(r)√

z′2(r) + 1
(383)

brr =
1
√
g

∣∣∣∣∣∣
−r sin θ cos θ 0
r cos θ sin θ 0
0 z′(r) z′′(r)

∣∣∣∣∣∣ = z′′(r)
√
g

∣∣∣∣−r sin θ cos θ
r cos θ sin θ

∣∣∣∣ (384)

=
z′′(r)
√
g

(
−r sin2 θ − r cos2 θ

)
= − rz′′(r)

√
g

= − rz′′(r)

r
√

z′2(r) + 1
= − z′′(r)√

z′2(r) + 1
(385)

bθr = brθ =
1
√
g

∣∣∣∣∣∣
−r sin θ cos θ − sin θ
r cos θ sin θ cos θ
0 z′(r) 0

∣∣∣∣∣∣ = − z′(r)
√
g

∣∣∣∣−r sin θ − sin θ
r cos θ cos θ

∣∣∣∣ (386)

= − z′(r)
√
g
(−r sin θ cos θ + r sin θ cos θ) = 0 (387)

The asymptotic curves therefore are given from (39.4) by

bαβ duαduβ = bθθ dθdθ + brr drdr (388)

=
−1√

z′2(r) + 1
(rz′(r) dθdθ + z′′(r) drdr) = 0 (389)

⇒ rz′(r) dθdθ + z′′(r) drdr = 0 (390)

Now

b = |αβbαβ | (391)

=

∣∣∣∣∣∣−
r2z′(r)√

g 0

0 − rz′′(r)√
g

∣∣∣∣∣∣ = 1
g

∣∣∣∣r2z′(r) 0
0 rz′′(r)

∣∣∣∣ = r3z′(r)z′′(r)
r2 (z′2(r) + 1)

= r
z′(r)z′′(r)
z′2(r) + 1

(392)

Therefore, if z′(r) = 0 then b = 0 and points are parabolic. If z′(r)z′′(r) > 0 points are elliptic; if
z′(r)z′′(r) < 0, they are parabolic.
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§41 Principal curvature. Lines of curvature. Gaussian and mean cur-
vature.

For a general surface of revolution, Exercise 28.1 gives a representation for which gzϕ = gϕz = 0. Also:� 41.1

bzϕ = bϕz =
1
√
g

∣∣xz xϕ xzϕ
∣∣ (393)

where, building still on Exercise 28.1:

xzϕ =
∂xz
∂ϕ

=
∂

∂ϕ

[
r′(z) cosϕ r′(z) sinϕ 1

]
=
[
−r′(z) sinϕ r′(z) cosϕ 0

]
(394)

so

∣∣xz xϕ xzϕ
∣∣ =

∣∣∣∣∣∣
r′(z) cosϕ −r(z) sinϕ −r′(z) sinϕ
r′(z) sinϕ r(z) cosϕ r′(z) cosϕ

1 0 0

∣∣∣∣∣∣ = +1

∣∣∣∣−r(z) sinϕ −r′(z) sinϕ
r(z) cosϕ r′(z) cosϕ

∣∣∣∣ (395)

= −r(z)r′(z) sinϕ cosϕ+ r(z)r′(z) sinϕ cosϕ = 0 (396)

Therefore by Theorem 41.3, the coordinate curves under this representation are also lines of curvature.
For the special case of surfaces which are (locally) cylindrical, the previous representation doesn't apply.
In that case we can use the representation of Exercise 39.3, where gθz = gzθ = 0 because the coordinate
curves are orthogonal (Theorem 35.1) and bθz = bzθ = 0, so that the coordinate curves are lines of
curvature in this case also.

From Exercise 27.4 we have the components of the first fundamental form of a sphere, so� 41.2

g =
∣∣∣∣gθθ gϕθ
gθϕ gϕϕ

∣∣∣∣ = ∣∣∣∣r2 0
0 r2 cos2 θ

∣∣∣∣ = r4 cos2 θ (397)

The normal curvature κN at any point is simply 1/r, so the total ('Gaussian') curvature is κ = 1/r2. Thus

K =
b
g

⇒ b = gK =
r4 cos2 θ

r2
= r2 cos2 θ (398)

§45 Formulae of Weingarten and Gauss.

The objective is to find a representation of the partial derivatives of xα and n with respect to uα in terms△
of themselves, along the lines of the formulae of Frenet for curves.

Beginning with

n · n = 1 ⇒ d
duα

(n · n) = nα · n+ n · nα = 2(nα · n) = 0 ⇒ nα · n = 0 (399)

Since nα ⊥ n, they are in the tangent plane. So

∃cγα : nα = cγα xγ (400)

then

∀xσ : nα · xσ = cγα xγ · xσ = cγαgγσ (401)
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Since bσα = −xσ · nα (38.4):

−bσα = cγαgγσ (402)

and then

−bσα · gστ = cγαgγσg
στ = cγαδ

τ
γ = cτα ⇒ −bτα = cτα ⇒ bτα = −cτα (403)

so that

nα = −bβα xβ (404)

Since in general xα · xβ = 1 a derivative xαβ will not lie in a plane orthogonal to xα; so

∃Γγ
αβ , aαβ : xαβ = Γγ

αβxγ + aαβ n (405)

To determine the aαβ we take

xαβ · n = Γγ
αβ xγ · n+ aαβ · n · n (406)

Since by definition bαβ = xαβ · n (38.2), xγ · n = 0, and n · n = 1:

bαβ = 0+ aαβ ⇒ aαβ = bαβ (407)

To determine the Γγ
αβ we take

xαβ · xκ = Γγ
αβ xγ · xκ + aαβ n · xκ (408)

Since xγ · xκ = δκγ and again n ⊥ xκ = gρκxρ:

xαβ · xκ = Γγ
αβδ

κ
γ + 0 ⇒ Γκ

αβ = xαβ · xκ (409)

so

xαβ = Γγ
αβxγ + bαβ n; Γγ

αβ = xαβ · xγ (410)

If bαβ = 0 then xαβ = Γγ
αβ xγ , so over the entire surface the xα remain in the plane spanned by xα; ergo� 45.1

the surface is a plane.


